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Abstract

Nowadays, with the rapid development of science and technology, high dimen-
sional data has gradually appeared in our field of vision, and it has also been applied
in more and more fields, such as in biology and financial research. We found that
a common feature of high-dimensional data in research is that the dimensionali-
ty of the data is greater than the size of the sample. This is what we know as
“large p, small n” , which is prone to “dimensionality disaster” phenomenon, but
“The dimensionality disaster” phenomenon often makes it difficult to estimate the
high-dimensional covariance matrix. In fact, when we deal with high-dimensional
data, we often need to study the high-dimensional covariance matrix of the sam-
ple, which leads to the study of the estimation method of the high-dimensional
covariance matrix has become an important issue. In this article, we will study the
three estimation methods of high-dimensional covariance matrix traces from Bai
and Saranadasa, Chen and Qin and Li and Chen, and propose our new estimation
method. Here, we are studying the situation of a sample, and each data in the sam-
ple is independent and identically distributed. We mainly study the expectations
and variances of the four estimation methods through theory. In addition, we will
use the R language to simulate the data. On the basis of the three structures of the
covariance matrix, when the high-dimensional data obeys the normal distribution
and Laplace distribution, the real value and estimated value of the expectation and
variance of the trace of the high-dimensional covariance matrix are simulated, and
through the comparison of simulation results, a better estimation method of the

high-dimensional covariance matrix trace is obtained.

Keywords: High-dimensional data; Independent and identically distributed;

The trace of the high-dimensional covariance matrix; Unbiased estimation; Con-

sistent estimation.
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4(n + 3) v p 9 32n+80
- EE[,u'le]‘1 — %(us)'E(I‘zyZQZzl)

Mn+6) ,o5 2(3n+22)(n—1)+80
T # 2p- n(n—1)

1
(WEsp)® —2(u'p)*

3)’E[EF21 le 221]

(WEp)?

_6n+32
n

24

E[(221)2 2T 2,25 |
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12 8(n+5)

E[tr(A3)tr(C3)] =aln— l)u'Zg‘E[(zlz;)s]u + my— (u3) E[ET22, 2]
o = R + DY Bz sa)

+ —2(n: 8) (Wb + (!
Emumnwm=—nm_ﬁh_wﬁmymwmm—néfnumwmmgmm
8 5v/ 7 24(’"’ + 2) 3
- ;(/‘L ) E(lezlzzl) - TL(TL — 1)(71 — 2)/‘1‘ )Y H

16(n — 1) + 120
T a-—1)

H#ER(2.5), RIVBEHBR E(T2), XHAN E(Ts) = tr¥?, Bk, BAIEB LT EH.
EIE2.6. X TI#(2.5), B tr2Y? = p?a, trX* = pay, n/p — c € (0,1), £AVH

2n + 32
n

(WEp)? - (W'S3p)® — 2(p'p)*

4 34 8 32
Var(Ty) = (- + )pad + (= — 5)pas + o(p?) (2.18)

JFRA: ME#EHimenoFYamada 17, BAIATE

Kz = 0(172)
E[(522)* 4 5% = o(p’?)
E[(zZz)"] = o(»")

B [E(Ty)]? = tr?32?, tr’32 = p?a2, tr¥* = pay, n/p — c € (0,1), X Var(T3) =
E(T?) — [E(T3))?, 8 T A EN:

4 34 8 32
Var(Ts) = (—; + E)Pzag + (; - F)P‘M + o(p*)

2.3 T EERSGHER
2.3.1 U%itE

X —THITTE, AVERNMBUSGIHE.
U it &R i W.Hoeffding IR N I—FHIES HGHHE, REAMERHE, H
e R BB A D E X A RE BREEXR, FTX 8 A ITHA.
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EN2.6. oAk F HNEKS, PREEFEIEN QKL X, Xy, -, X WA
' Xy, Xo, o, X)), BEF

EFh(X17X27' . aXm) =0

MAAREK O HA% F REm THES, (X, Xo, -, Xm) FH 0 898
—AL 8y, 3t (1,2, ,m) B9HE—AHER (4,40, - ,im), BRA

h(leXZa e ,Xm) = h'(Xila Xiz; e 7Xim)
W AR g 2 AR AL
ENM2.7. BBRIHMMNEE X, Xo, - , X, REKRF(z) e FHHER, n TS
F AL h(X1, X, -, X). WEH0 8 Uit B ik dn T -

1
U= > by Xa X

1<, < Kim<n

B MIE, U GitERBRIES RS T EHTRE RS —FE R, B
I, UGt ER R FEERR RSP g T 2N, i Tk vk 4 1m e+
LB AERFAE AT EZRABRREZ. AWNAA U SGiFrERRERETE
S G E R tr22, 5Bai fiSaranadasa B, ChenflIQin ¥ . LifIChen B4 4
B tr2? =it i A, BRTEZNSE, AP TR UE
AFemsksf LSRR NSENGITEH, MAEERTFAEEHRMMEE
SN

2.3.2 FEHAEREMR

BT Uit BRI, RITWE T o FRIESHGHERMT r2% R
HEET:
BT

(351 —552)(531 —32)’ = (z1—p) (351—#)'—(-’151—#) (172—#)’—(932—#) (z1 —#)""(502—#) ($2—M)'

(Zs—4)(x3—24)' = (23— p)(T3— 1) — (23— ) (T2~ p) — (T2~ ) (T3 —p) +(z4—p) (Ta—p)’
B (zi — ) 5 (z; — p) MILRES R, Hf i # 5, BrEL

El(@: — p)(w; — 1] = 0
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MBEANEH El(z; — p)(z: — p)'] = T, ATTIRATAT LAB
E[(IL"1 — .’132)(3}1 - .'172)’(3)3 — 184)(.7}3 — $4)’] = 422

E3fl:e

E{[(z) — z2) (x5 — z4)(x3 — z4) (21 — 72)]/4} = trEZ?
HEEEH (21 — 22) (23 — 24) (3 — 24)' (21 — 72)']/4 B trE? BIEMRAG T *EEU S
THEKRE, AEEEERN 0, BATTOIRY 22 MENMESH M 22, 2
9Ty, BE:

*

1 ) 1
D9 -9 Z(x —23) (@ — @)@k — @) (2 —2;) (2.19)

Ho, 30 BRARREAG kD i 45 #ki#Li#kj#Lk# L ERT
B AL

BAVEE: T, & trX? PERAET, B BE(Ty) = tr3?, BT RS R T:
H(2.19), 3 H

(zi—z;) (zp—21) = (Ti—p) (K~ 1) —(Ti~p)' (221~ ) — (zj— 1) (2 — ) +(z— ) (11— 1)

(ze—z1) (zi—2;) = (Te—p) (T~ 1) —(@e—p) (zj—p) — (T~ 1) (zi— )+ (T1—p) (T3~ 1)
£ FEm A, £ BEAE:

*

1

& “n(m—1)(n—2)(n-3) z_%l{(z" — 1) (zr — ) (@e — p)' (@i — 1)
— 2z — )’ (2 — W)@k — 1) (5 — 1) (2.20)

+ (i — ) (@ — ) (21 — 1) (x5 — )}
=: tT'(A4)1 + tT(A4)2 -+ tT(A4)3

Hep, 3o RAWRIE {(4,5,k) i £4i# ki #ALi#kj#Lk# D BRTH
ya¥z A0,

EIE2.7. R 21,39, , T, RER P, B Y = E[(z; — p)(x: — p)'], W
E(Ty) = tr3?

BR, Ty & trX? B 1 AR4E .
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§ £
QR /]

\ m*"

JERR:  HH(2.20)40, Ty = tr(A4), + tr(Ad), + tr(Ad)s, BP
E(T,) = E[tr(A4),] + Eftr(A4)s] + E[tr(A4)5]
B E[(z: — p)'(zx — p)(zx — p) (s — p)] = tr22, W
E[tr(A4),] = tr¥?

T Etr(A4)] =0, i =2,3, REWTF: tr(A4); FEEH (z; —p) 5 (zj — p), i # 7,
HHIXFIEMILN, W E(T,) = tr22. 0

BT ¥k, RAOSEWHR T, WF%E. BT Var(Ty) = E(TF) — EX(Ty), AT
MEWHE E(T2), NS MERBNG—A Eltr2(A4);) M E[tr(Ad)itr(A4);], HH
i#jHij=1,23 BRAMESST AT HHEIL.
HiL2.8. U4z, 19, , T, BERSH, s =Tz +p, i = 1,2,---,n, B ¥ =
IT = E[(z; — p)(z: — p)], E[(21X221)%] = ka2 + 2trE4 + tr?2X2, /)
(n+1)(n—-2)2%n~-3)+8(n—2)(n—3)+24 252 4 4(n—2)*+8

E(T3) =

n(n —1)(n — 2)(n — 3) nn—1(n—_2) 72
8n—22+16_ _, 8(n-—2)-16 e g
+ n(n—1)(n — Z)t - n(n—1)(n — 2) E[(2%2)° 2 X% 2]
2 4
* -y

MEBA: BAVHIE Ty =: tr(A4); + tr(A4), + tr(Ad);, HHLER E(T2), iER
HE— E[(trA4;)?] & Eltr(A4)itr(Ad),),i # §, 1,5 = 1,2,3. itEFER#ER2.2,
BRI R T:

4(n —2)

E[tr’(A4)] = %1)—3) tr’%? + i E[( 15%21)7]
2 4
W_—l)‘E[(%EZz) ]
E[tr?(A4))] = n(ns—(nl)_(:,)— 5 triy? + Y 18)(n —2) E[(2,Z%2)?%]
16 ! 2 142
o g Z)E[(zlilzg) 215% 2]
2 _ 24 2512
E[tr*(A4);] = D=2 = 3)tr b
Blir(At)tr(At);] = ~- (n4 ICRNEAES
E[tr(A4),tr(A4)s] = 0  E[tr(Ad)qtr(A4)s] =0
H i, AT EAE B E(T7). O
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EFE2.8. AT #H#(2.8), B tr?’¥? = p?al, tr¥* = pay, n/p— c€ (0,1), KME
4 34 8 32
Var(Ty) = (—+ 53)102@3 + (o~ —)pas+ o(p*) (2.21)

IERRERE 2.6, XEEAEER BR BdEBHA, RINRKACSHH
BEMET T ESBRIFRNME T T EEEHRKG TR, ERERENAR
AR, E, EHTEEEAE.

2.4 ING

fEAE, BEHE, RINMETEENMGTE T A1 T & 52 B—Bf4biE, ™
ARILmMA T XURLR, AASHEAEE n TRAHER, RBEA TRER
r2?, HRIINERI, WEREXRGE p = 00, Th 2 X BERMA T TEE M
& T SBRABOFETTFiE Ty £ 0r3? ARG, R, BAETE TS
WITERTTZ. METHTERGTHER LRE, BATRW T A T, EHRKMAES
TE. BRTETTENTESHEENR D n. 5 p AR, FTURIMAEAERR
I EZ MRS, E, £ &, RATE R A SR SRR Il
THERHIESTE, ETREBMA T EREFE.
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F=F RUSHHh

BT RMNAREEET BRI ESRREBRI M TR, FikfER
=, RATHF FHRE S X RS oI5 R A S ER AT SR 3, R R Xl 45 R
HEAT 71 #T.

3.1 &l

723X B, RAAE RRAR AT Fh 43 A B R 2 SUHE, BIAR A IEZS 23 A5 5 AR A Bz 36 Br 17
76, BAMBESH RN Ky, BRERHT A HRRA K.
Ki: N\ p BESHAPERBEBIE o = (24, Tips -+ , 7)) (=1,2,--- ,n), ¥y
B p= (1, pia,- -, ), BHEEREA X
Ko M p R B ERESESEE o = (70, 25,, -+ ,Tp) (1 = 1,2,--- ,n),
HIME p= (1, po, -+, ), BT EREREA 2.

NTHEERERERF I, THEE, EXERMNRA=ZMH 44,
4 D = (dgs)gs=1,-p IR, HXATLEK dss (s =1,2,--- ,p) FETFHHAS
fi(1,3). =R ELEMS HRENT:
5L WA EMEMEA X = DV2ADY?, Ht A = (plio) om1 9, 5, B p = 0,0.1,
0.2,0.3,0.4,0.5.
g2 MWAEBMEAND = DV2AIDY2, b A = (p )10 p H p =
0,0.1,0.2,0.3,0.4, 0.5.
£43: thiT ZMHEFER S = DV2BDY?, Hoh B = (bij)pxp, Ji =70, b =1, &
i # j B, by = p H p=0,0.1,0.2,0.3,0.4,0.5.
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R1LBTEMEK 5 K, THRHE

E(T)

E(Th)

E(Ty)

E(T3)

E(Ty)

K

0.1
0.2
0.3
0.4
0.5

188.3454
191.8426
159.1758
174.4933
198.8783
236.6446

196.3091
196.3463
159.4027 155.6889
181.1948
202.7860
243.9269

191.5582
191.8302

177.0281
198.4206
237.8413

191.5623
191.8342
155.6855
177.0294
198.4261
237.8397

191.5623
191.8342
155.6855
177.0294
198.4261
237.8397

K,

0.1
0.2
0.3
0.4
0.5

163.4720
166.3390
167.0464
183.3734
209.4579
250.0204

181.3004
186.4919
182.7660
199.9532
224.6430
271.9682

164.5780
169.5606
166.9325
183.3884
208.6270
253.4164

164.4173
169.3188
166.9370
183.3920
208.6227
253.4100

164.4173
169.3188
166.9370
183.3920
208.6227
253.4100

*xz 2

ETHEWEK 5 K, THGE

D(T)

D(Ty)

D(Tz)

D(T3)

D(T,)

K,

0.1
0.2
0.3
0.4
0.5

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

319.4782
513.0026
268.6716
420.6025
486.3927
1004.8830

307.8459
496.5229
262.1309
400.8274
473.3746
1007.6111

308.0372
496.9610
262.2875
401.2131
473.5191
1008.0386

308.0372
496.9610
262.2875
401.2131
473.5191
1008.0386

0.1
0.2
0.3
0.4
0.5

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

657.6824
793.9154
743.9255
1015.3853
1261.5797
3180.2965

507.4437
592.1449
532.8849
806.6079
1080.1788
2552.7996

507.6931
591.3403
533.2918
807.6481
1080.2585
2553.7355

507.6931
591.3403
533.2918
807.6481
1080.2585
2553.7355
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R ETEM2HEK 5 K THIHE

E(T)

E(T)

E(T3)

E(T3)

E(Ty)

K,

0.1
0.2
0.3
0.4
0.5

162.9765
172.4787
228.2031
296.5023
419.9276
647.2373

166.0961
173.0836
234.8378
308.6035
437.2013
676.2380

162.2150
168.5189
229.1424
301.0794
426.3323
660.7274

162.2151
168.5151
229.1438
301.0925
426.3039
660.7179

162.2151
168.5151
229.1438
301.0925
426.3039
660.7179

Ks

0.1
0.2
0.3
04
0.5

169.7440
179.6232
166.9503
216.6083
306.3350
471.5576

186.9992
196.7655
185.4008
234.6489
326.6258
509.5991

170.8136
178.7912
168.7685
216.4482
301.5379
472.6856

170.6471
178.5269
168.7715
216.4529
301.5382
472.6632

170.6471
178.5269
168.7715
216.4529
301.5382
472.6632

#F 4

BETHH2E K5 K, THAZE

D(T)

D(Th)

D(T3)

D(T3)

D(Ty)

K,

0.1
0.2
0.3
0.4
0.5

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

328.5584
221.1478
457.4163
1130.1510
2247.9642
5379.5349

326.2697
207.6808
458.5383
1088.6448
2157.4491
5320.9799

326.6089
208.0015
459.0675
1089.7659
2157.9777
5326.4933

326.6089
208.0015
459.0675
1089.7659
2157.9777
5326.4933

K,

0.1
0.2
0.3
0.4
0.5

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

745.3373
985.1974
840.2055
1168.6464
3501.7116
5463.9442

619.4639
713.6914
662.5534
959.6907
2686.9188
4634.0885

619.4163
713.9236
663.2430
960.1231
2688.8023
4633.4764

619.4163
713.9236
663.2430
960.1231
2688.8023
4633.4764
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x5 RTHMBEK 5 K THHE

»p ET) ET) ET) E©) ET)
Ky 0 191.5687 192.7112 187.7602 187.7505 187.7505
0.1 261.4761 262.9958 257.3171 257.3120 257.3120
0.2 471.1983 454.1981 443.7640 443.7294 443.7294
0.3 820.7353 768.5767 T48.8621 T48.8280 748.8280
0.4 1310.087 1284.466 1253.279 1253.003 1253.003
0.5 1939.254 2141.192 2081.151 2081.459 2081.459
Ky, 0 168.7960 182.9723 166.9323 166.7880 166.7880
0.1 229.3443 236.4740 218.9563 218.7309 218.7309
0.2 410.9891 456.3157 433.2631 433.0178 433.0178
0.3 713.7305 736.5839 T713.1035 712.8590 712.8590
0.4 1137.568 1219.217 1178.907 1178.546 1178.546
0.5 1682.503 1731.255 1677.005 1676.393 1676.393
%6 BTHHBE K 5 K, FRINE
p D) DT D(T3) D(T3) D(Ty)
K, 0 0.0000 329.9559 314.0926 314.4618 314.4618
0.1 0.0000 1881.3817 1856.7320 1856.9716 1856.9716
0.2 0.0000 18794.2821 18034.4549 18056.5492 18056.5492
0.3 0.0000 96719.9178 92001.4740 92106.1252 92106.1252
0.4 0.0000 306062.425 288727.175 288040.093 288940.093
0.5 0.0000 1391804.130 1296079.881 1297493.690 1297493.690
Ky 0O 0.0000 673.1079 496.8279 497.2092 497.2092
0.1 0.0000 2735.9507 2421.2754 2420.6182 2420.6182
0.2 0.0000 26988.0098 24175.7707 24194.4151 24194.4151
0.3 0.0000 94518.3208 89930.6324 90043.0635 90043.0635
0.4 0.0000 323148.620 302484.705 302327.917 302327.917
0.5 0.0000 525105.510 497258.179 497676.846 497676.846
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3.2 BWHERSSH

ERE, RIVNFEEEE n = 40, H\EEHK p = 40, FHEEB/BHRRE
b=100. EWERBIRKIERS, FARD T ZEERSEHWET S 254
3K tro? BB 5 ZMESHE E(T), D(T) #siHE E(T;), D(TY), i =1,2,3,4.

HEidMEEeN R, TRih T EZLEWE TEHFEH, HIGR& 538 RN H 5
A, AVRILIFIChent i 128 =Fp it HF LSRN HRM AT A EHMHE S
B EMAMEEFR, XRBHFHMAEEED LRIETERMNEBERBSPEENE=F
RS RAVR R EF T R E A RS-

it gERISR 2RI, EEMIMERM L, BHEBRMNESSHARBELT, X
p = 0.2 B, Bai FiSaranadasa B4R (158 —Fifli tH ik (T HAE 5 B s R, H itk
I ZHARREDE; X p =050, B—FMETTFERNTELE . TEHMEK
#F, ChenF1Qin 1, LiF1Chen Bl 5 IRATHRHHT fl 77 32 #4328 {40 B 508 EL e
&, SELAERRERRFHEHESUN, BX=FH T FENHEEBHEER
K, HZ W EEBai MSaranadasa PHRHIE T AEEAD. BTEL, WSk Ekid, fEth =
R EHIMER L, ChenMIQin 4. LifiChen Pl SRATHRBF A HIE=F 1
HEMAEEN, BRMEMWChenMQin WIRHIE MG EKFZ —HEE=. B
POFhfl =/, AMTTULEA 28 —Fifl it E iR i 1 S 47

B M EERIERARI, EEH2MERM -, BHERMNESSHRIERT, H
p = 0.1 B}, Bai FlSaranadasa BI$& K5 —F bt 7 ik A 5 M E B8, TE
HAh % F, BaifiSaranadasa BMtit FiEHHE S ATEMAERK, BT EHER
K, BT A TR R A EE, MEA=FE T R EENE S E LB,
BE5ALEMRERHEISUA. BR, Eih TS8R LN, S4B 5L
BEENRE. BEHEREHLR, Fik, TR EBEHE 1R E.

BEMERERORI, LEEWSRIES S MHEM |, BaiflSaranadasa Bl
TWTERNHE S AR, (BME p MG, HiRZ MR K. e Fh i
SHTF, BR p R EEE S #BaifiSaranadasa B i+ HEKNIE SHLEHER
Bl (BEE—SUE F, HRESRERY, iR eERdER Zm.

BJE, TRETHMEH. W54, BaiflSaranadasa Bl kBl TH R
B, ChenfQin ¥, Li MChen BHRHIE T 7 SBRANVIR I A Em
B EMEARK, EChenfIQin VIR M 117 ILE F 2 L H R B/, X Fh
I ERARBRER, EAARITTENAE LD, RIOTRUENFETAEREETU S
IFERFESEOTE, RERGEE, BASEESER LF, HAEN 4 R8T,
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ENE SEE5RE

fEACH, BATFEBIIR —MEAMIE LR, FE T =458 2 ML R4 46 1,
BANGETAT X2 CHE KW =FET 7, FRRE 7ROV, @it
VO Fh £ 11 5 M R BB R, BAT1%403E T BaifllSaranadasa B 5 ChenfQin Wi I
B AR r2? —8h 1, MLiFIChen PR K115 3 S RATIR KB 41+ 75
%2 rX? Pk, Fe, AR A T ARG T TER T 2, BRI E
®EAGEEEE MG AERILS, Bk, BOFIARIE S SR A4# T HEEER,
FHEBITWTRER:

EHREE, ANARFEKER S EATRMLIAChen PR B E =FEiT+ HESE
IR R TF FEER —2, R, EME T AERHERNFES HsL{E
B 8 b, $4i1 K P BaifiSaranadasa B3R & T E L 45 R BB K, BliXF
it A ERA T AT 22 REBK, WHEARRBEWMTI 7 MTABHE EX
Ui, W EMFER R EHM =T TEXHAK, HEERSHBELT,
Chenf1Qin MR 28 — Ml it F M S A E B iR, AR T EWE
AN BNGT T ERAE B RO EEF ST TERE T UR T ENIES T,
HEAGHEE, BASEED L5, RN R

R, WATIELLER EAMEFHFHNA, XBERERIIE M K& 4EEE% 2
MR E D, XRFENSERERITERANPHA. £4555, ERNXT ¢r2? 18
B TR EZE, OV DA A S R M ER R LR R E A
pk, R, ZEREEAE b, BRATEAT AR ¢rX? it 7t ir 4, tein, BA1ar A
R tr(2132) K tr(Z) B, HP D (= 1,2) BABIRE : MERK T
ZHERE, RAMGIX — B NTRA b 28 55 4R 3088 T R ).
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