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ABSTRACT

With the arrival of big data era, both the size and the dimension of the data become larger
and larger, it is the phenomenon of “large p, large n” discussed in the statistical literature.
However, the classical statistical analysis method is no longer applicable on studying the “large
p, large n” type data. Therefore, it is a meaningful work to seek some appropriate and effective

statistical analysis methods to deal with high-dimensional data.

In the paper, we mainly adopt nonparametric empirical likelihood method and statistical
asymptotic theory to study the hypothesis test for the covariance matrix in high-dimensional
transposable matrix-valued data with kronecker product dependence structure. At the same
time, we will also consider the test on the linear combination of the mean value vectors of two

population with fixed dimension.

For the identity test on the covariance matrix of the matrix-valued data, under the column
independence assumption, Touloumis et al. “ adopt the U statistics method proposed by Chen
et al.” to consider the sphericity and identity test on the assumed nonparametric model, they
proved the test statistics obey normal distribution asymptotically. In the paper, we will construct
the estimation equation by straightening the random matrix, and use the empirical likelihood
method to test the covariance matrix of this matrix-valued data, it is proved that likelihood ratio
statistic asymptotical Chi-square distributed. Some numerical simulation show the efficiency of

the proposed method.

For the test problem on the linear combination of two sample mean value vectors, a re-
markable work due to Li et al.®", who study the linear combination of mean vector of high-
dimensional data by constructing U statistics. In the paper, we will adopt four types of slightly
different empirical likelihood methods to revisit the test problem, it is concluded that all the
likelihood ratio statistics asymptotically obey Chi-square distribution. At the same time, some
simulations are conducted by the bootstrap trick, the advantages and disadvantages of each

empirical likelihood method are analysed.

KEY WORDS: High-dimensional data, Empirical likelihood, Likelihood ratio statistic,

Chi-square distribution
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| ﬁl o(m®’*)
1]
P(max Iez/\/ﬁ | 2 z)
< m-P
! €1 |2+
< m- - 5| \/ﬁl .
[i11
P(max |e:/v/Ail 2 ) -
EEE.
9138 2.2.2 A9IERR: & ZEIERH (2-6) RKAL. id
Rl (R erc)T7 R2 (R?la ot :R?rc)T’

Hh R =1lym R RR=1y2 R FEH (g} EUEH (e}

g = iy - M0y, o8,
= ZZ[ — RY)(Ra — RY) - m——ml)a""]
pg
{(Bussg — B5) Ry~ B2 = 178
= SRy =)= (R = )P ) = (= ) = 0%
([ Brnss = 15) = (B = 1B — ) — (B — )] — T 1N

8
= e+ Z T,
=1
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RERIEMEN T ERRENERUR T

rc rc

~2 3" 3[Ry — 1) Rt — 1) = Ol [ (Remi — 1) (R, — ) = 222,

j=1 k=1

=23 [(Rmtig — #5)(Bomi — i) — 0] [(Rig — p3) (Rl — a) — %],
7=1 k=1

> [(Ris — 1) (RY — ) + (Rax — pu) (R — p15) — ?%]

i=1 k=1

((Remtig — 15)(R% — 1) + (Remie — i) (B — p5) — %ﬁl,

D0 Ry — 1) (Rax — ia) — ol (RS — p3) (R — ) — ajk]
j=1 k=1

DD (Renta — 1) Rensie = 1) = 0| (RY = pag) (R — ) — 222,

Jj=1 k=1

DD IR ) (Rl =) = (R — ) (R — ) — 22,

=2 > [(Rij = 13) (Rl = i) = 03l (B — p13) (R — pue) = c:i:]
j=1 k=1
_QZ Z[(RmH,j - Uj)(R.zk — Ui — Ujk][(R.lj - Mj)(R.lk pi) — %]

i=1 k=1

BTR, EHNFIER 1 <j <8 34 (tr(Q?)? = o(m?Ee?) Bf, H

E(—— \/_ Z T;;)? = o( Ee}), ZETz = o(Eé?). (2-13)

i=1 r—l

XEEH 2-13) X T Ty BOLATHAIER, iS5 T AR 4

BF R.i=1,--- ,m £ iid FEIEE, N

14

E(fZTﬂ - iimﬁ

i=1
re re

= = Z E{D) D [(Rij — ) (Rax — i) — 03]

i=1  j=1 k=1

'[Z(Rvn-ﬁ',j — 145)(Rm1k — ) — 03]},

=1



F_E BEEAIEOER

EREF
— ZE{ Z Z Z (Rij — 1) (R — ix) — 03]
i=1 JJ'=1kk'=11Ll'=1
[(Rmtij — H)(Rmtie — Hr) — Tjk0il]
(R — w0 ) (Riwy — ptar) — Ojnas)[( Remavigr — gt ) (Remtr i — i) — Ojrardar] }
= Il + 12-,
XE
5L = —3 ZE{Z Z[(Ru 15) (Rak — px) — 0k
i=1 =1 k=1
J(Rontig — #5) (Rmtie — ) — 03]}
4 m
i=1
4
= Ez—EE?
= o(Ee€})
A

7c m

= 5YE(Y Y S

i=1 73'=1 k,k'=1154,l=1

{[(Rij — p5)(Rix — pix) — o) [(Rijr — v ) (R — pa) — O]
[Rontig = 153) Bontts — 1)) [(Rensigr — i) Rt — uk,)]}}

4m( rc

- N Z Z O;5'Okk E{[(le HJ)(le - ”k) - ng]

m3 3i'=1kk'=1
[(RIJ - ”J ) (R — ) — UJ’k']}

_<_ Z Z 'Jkk' (Eel -
J,J'—lkk'-l
4 re
= ;n”(z afj,)(Eef)%
3d'=1
= o(Eé?).

B (tr(22))? = o(m2Ee?) Al 4, (2-13) Xt Ty ABROL. 5 {ef} KL B

Ay = —— Z Z — 1) (R — pe) + (Bemvig — #5) (Rt e — )],
Jk—l l;éz

Ap = — Z Z — p45)(Rar — te) + (an+s,1 uj)(l?/rn+t,k — )]
7.k=1 s#t
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RESEHENHERRENSBUR T E

91‘]

m— 1)y;
v,?‘:( ) * +An + Dia.
m

% (a1 0ik)t = o(mEv]) Bf,

1 m
E(ﬁgAzl)z
- 7:3 Z Z Z ZZE(R’U 13) (R — i) (Rirje — pyr ) (Rywe — tiw)]

1,i'=1 jk=1j k'=1 l#t V#i

= IS S EllRy ) B ) R — ) R~ )

i=1 l;él. Jk=1 _1’ k=1

+—5ZZZ Z E[(Ryj — 1) (But — i) (Rigr — i) (Riae — o)

i=1 l#i jk=1j k=1

- 1_6(%2_—‘12(2 o)’

dk=1
= o(Eu}) (2-14)

1y ey

z—l

= 3 ZZ Z Z E[(Rij — ) (R — pe) (Riyr — pyr) (R — e )]

i=1 l#t Jk=1 7 k'=1

)2

Jrk=1
= o(Ev?). (2-15)

R, 2 (3751 0ik)* = o(mEv?) B, AT

\/_ Z Ai)? = o( Ev?), (2-16)

i=1

— Z EAZ = o( Ev?). (2-17)
z-—l

WRAE (2-14)-2-17), TRE (T35, o) =o(mE}) B, MFIE 1< <2.F

1 m
E(ﬁ ; Ay;)? = o Ev), z EAY; = o(Ev}). (2-18)

16



FoE SfERREIENRE

M (2-13), (2-18) M5B 2.2.1, ATHNEEEH cMd A

*

T

f;("'m ¢ )

_ . (05 Z j=1 Ti; Z?:l Ay
= \/—Z \/ﬁ \/ﬁ \/_Z 11 +d V722 )

)+ op(1)

5 NO,2+d?), n— cc.

F ik, B Cramer-Wold 5| B 40 (2-6) FAL. IR (2-13), (2-18) M5 HE 2.2.1 # (2-4), O[5
2-7) AL,

T HEAER (2-8) PRI E—ANEAX AL, 5H— R ATHE.

BEqF

max |e}/v/mT] = op(m/?),

1<i<m

HRYE e = e + 55, Ty, ATRIENE
1<‘< ax | ZTzJ/V | = op(m'/?),

BIE

P(max max |T;;| > e/mmy;) = 0.

1<i<m 1<5<8

B 2-13) BE N ER EMarkovA E R, iTAXf Ve > 0,8

P(max max |T;;| > ey/mmyy)

1<i<m 1<j<8

m 8
ZZPUT‘UI > E4/MT11)
Zz—l Z]—l ER"'ZJ

e2mEe?

IA

IA

— 0.

RiE XA 2-5) E—MERA, (2-8) FE—AMENAGL. ELUH, 2-8) HE-IMER
ST, EEE. | ]

17



RERESENDESRBNESBERT %

glig 2.2.3 E(]iIEHH: E%ﬂ € = tr[(YVI - Irc)(y'l+m - rc)]a v = 177~1c(Y1 + }/1+m - 2Irc)1rc,
Yi= CLQTWWI(EL Q) = RiR, ¥

Ee} = E{tr[(Y1 — L) Yi4m — L))}
= E{tr[(RiR; — L:)(RiymRy 1 — Iro)]}

= E{)_ D (RuRy; — 6;)(RitmiRims — 65)}*
i=1 j=1

E {4 Z Z RiiRyjRiymiRiim,j }4

i=1 j=1

(A

rc rc

= 256E {z Z RyRyjRiymiRiym;}

i=1 j=1

= 256F {Z RyiRiymi}®

i=1

8
= 256 > {E(]Ru)}

1<d,-,ig<rc v=1

= 256 > [T(iy,--- ,is)]
1<i1, - 88 <rcC
e Q2 = (’Yij)rcxrc, Uy = Wy, i = 1,---,r¢, M Var(R;) = Q = (U-ij)rcxrc =
(VT2 Kl 0y = 302, vy B Ri = QV2W; + E(R,), TR Ry = Ype, Uy, i =
1, ,re. T (- ,ig) = B[, Rig) = B (T3 13U5))- 580, E(Tli Up) #
0 BESREFH p1,--- ,ps P, BN p BEZPLHIWK. 2 B = {(pr,---,p) : 1 <
p.-.m<chL &S, Ak ERE N

T(iy,--- ,ig) = z E Ykra Vkoa Vst Ykab Visd Yhed Thre Vhge
(a,bd.e)€By (k1,-- - kg) =iy, ,ig)
o€ Sg
2712772772
EUIZRRUZUD + ) > YiraVhzaVksa
(a,b,d) € By (k1,---,kg) =o0(iz, - ,i3)
a#b o € S

“ViabVksb Ve Verd Vesa E(US U US)
= Tl(ilz' " 37:8) + T2(i11 Tt 77:8)'

12 LA EUE) M85 ERBE T4 keymotm o) B 5 B 8 TR, X ky, -, ke
BEAERE A0 ky =4, kg = ig), AILAEBREREMEND T

D D ke Vs Ve Vhsd Veod Vere Vhae E(UZUZURUZ).

1<iy,-- ig<rc(a,b,d,e)EB,y
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FoE SEREMIGEOER

Z T12(21 77;8)

1<iy, - ig<re
(8')2 Z Z Z YiraYira’ VisaViza! * * ° VigeVige!
1<éy, ,ig<rc (a,b,d,e)EBy (o’ b ,d',¢’)EB4
E(UZRUZU2)E(ULUZULUS)
= @82 > Y (GawOwOaatee ) E(ULURUFUZ) E(UZUZUZUZ)
(a,b,d,e)€B4 (a'7bl d'€)eBy

< (8M)2L? Z z (Caa' Obpr Tdar Teer )2

(a,b,d,e)€By (a’,b ,d' e’ )EBy

= o ), o)

1<a,a’<rc

= O((tr(2*))).

IA

RS

S T is) < O(Er(@))

1<iy, - ,ig<rc
U
Eef < 256 ) = T(i1,--- ,is)

1<iy - ,ig<rec

= O((tr(2%)%).

%_‘ji@, éf\ ‘/z = VV1+m,,' ,i= 1,' <, TC, lﬁ]ﬂﬁj‘ulﬂz%
(Eel)® = O((tr(2%))").
HHFE Eet/(Ee?)? = O(1). ARFRITT RMAI LR E] Ev/(Ev?)? = O(1). ik, [ ]

3 2.2.1 BYIERA: 4 M SR, RIBESIE 2.2.3, THIEEMY (42) TH Elel|**® =
O(P**%), E|vy|?* = O(p?**%). Hoh, &M (AD) T, HEEH C > 0,8 my =tr0? > pC,
Tog = 1701, > pC. A

Eles*?/n{* = O(p®+9/2) = O((re)**?),

Blon[#44/n5™7 = O(p*+97%) = O((re)***).
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RESHRSENhEER RSB UIRTE

iEEE.

Nh%M (A3) &

re = o(n(+min(28)/42+8)).

b, EH 22.1 % (2-1) AL, BIHER 2.2.1 AROL.
I M KRR, FAERE 221 9 (2-1), RFIE (2-2) AL H maxy<cicre 05 < Co B

(@) = ( >, 05)” < p’(max of) < GO, (2-19)
1<4,j<re
aro1,.)? < p2(lrga<x ol) < C2p?. (2-20)

55, BIEEMH (AL), THEEEEH C > 0, #5
my = tr(0%) > pC, ma =161, > pC. (2-21)
RIERMF (43). F
re = o(NY4), p=0(NY?).
%A (2-19)-(2-21), W[ 1§

m - Ee2 = mmyy > C-mp > (¢r(92))?,

vVmEv: = Vmre > vmCp > (11£.01,,)%
|

HEIS 2.2.2 BYIERR: RIES( 3 223, mTAI% 6 = 2 W, EH 2.2.1 # (2-1) &HHAL, ¥

M BRFZ#EIS L. 2 M R, BT EE 2.2.1 1 Q-1) AL, MINFIER (2-2) &

3L,
RiESIHE 223 iFH S EAE
E(e]) 2 C2(tr(Q%))?,  E(v}) 2 C(17.01,)%
e 2.2.1 # (2-2) BRIL. iEEE. |
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o8 REENREEENRRE

v = m(Ch+ (o)
le - tT[ Q Irc) ]/\/F
Cm2 = 2- 13;(9 - Irc) rc/\/;T—2_2_-

THERFUEBMEFER M SR FER, M R ENEHE L.
BFIEFOLSE v = m(¢E, + G,), B4 LA T BFME LT 1T
BRER L = o(1) ORI, 4R EY; = Q THEEBER H, BRI TH
ei(Irc) - tr[(}/i - Irc)(Yi+m - Irc)]
= tr[(Yi— Q+Q— L) Yigm — Q+ Q= L))
= 65(9) + tT[(Q - I.,-c) ] + tT[(Q — I,-c)(Y; + }/'i.+m — QQ)],
FEA
vi(lre) = v(Q) +2-12(Q — L)1y

i

m

1 e,-(Q) v,(Q) v,(Q

\/_(le Cm2 Z 77:(9

1.—1

XE Q) = tr[(Q— L)) + tr[(Q — Lre) (Y + Yim — 29)]/ /711, B E[n:(Q] = 0. T

It

4E{tr((Q — L)(Y: — Q*}/m
4E{tr((Q — Le)*ltr((Y; — Q)*]}/mu
Oltr((Q = Le)*)/ v/l

o(1)

E[Ui(ﬂ)]Q

I

— 0.

FREIFAL nf (Q) BALFE A7 BAEIE IR 0, RIH FRA e TR”
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RERRSENDEERRNERLRTE

2
€; (Irc)
le 1 m \/7_T1_1 Cm1
Via = - _
( Vm2) \/E 1z=1: E(_I’ﬁ ( le)
N
1 = le
- TE ; & - \/E (le)
RAETI# 2.2.1 740
Vi 5 N(0, I). (2-22)
FIF e 2.2.1 {EHHM
-2 log Ll (Irc)

= (L+o(1)) \/_;Rf( ;&& ) f:‘R‘) + 0p(1)

= (1+Gu+G)™
11+ Ga) Vimt + vVmGm1)? — 26m1Gma(Vimt + V1) (Vinz + vViims)
(14 ) (Vinz + vVmGme)?] + 0p(1)

= (Vi1 + vVmGm1)*(1 + 05(1)) + (Vmz + vV/MGm2)(1 + 05(1)) + 05(1).

ET RSP LSE v FRAEREAN T HRBTIT i

Hrv=m(G,+ ) BR, BHEERA vy, M (2-22) F1 —21og Ly (1,.) &K, 7T A
—2log La(Iy) LA X3 0

v — oo, M (2-9) GIAMMRA 1, BETFRKRELARBUT

—2log Ly(1,.)
> (T _y2,)(1+ 0p(1)) + (P52 - VZ,)(1+ 0p(1)) + (1)
= S+ 0p(1) = (V21 + Vi) (1 +05(1)) + (1)

4
— 00,

XEWRE (2-9) ZURBEA 1. 828 Z = o(1), BI v = o(m) B (2-9) ARIL.
TEAES liminfy/m > 0 BB
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F_8 RfEEIIERER

F v = m(@y + (Ra), BIRAFAMAH T HEES liminf 2, > 0 KR, B4
lim inf Gy > 0 FIEEHATIESR.
Ha_]: zz—l Di ( "C) - O = Zz—-l piv‘l TC) = 0 D-”J_IXT Ll(Irc) lﬁﬂ'ﬁﬂ‘FﬁﬁQfﬁ

Ll(Irc) < Sup{H mpz Zpa =1, sz'vz(-[rc) =0,p120.....pm 2 0}

t=1 l=1

= Sup{H mpz sz - 1 szvz(lrc)/v Triga = 0, . P1 > 0 -++:Pm Z 0}

i=1 i=1
ETREX

i Irc
0)—Sup{||mpz E =1, E v\}——)—an)—9P1>0----,pm20}-
i=1 i=1 i=1

16 o = # Z:’;l(.‘_"i\/% - <n2)’ EJ.U"?%@J

log L*(6*) = 0. (2-23)

BT B — G} = B{%=} = 0, B B(*2 ~ Gu)? = 1, MBI L ERTHN
B

P(|6*] > m %) < m™/5 - 0. (2-24)
SiF8 —2log Ly (Ire) 2 oo —#E, THES —2log L*(6%) 2 oo F1 —2log L*(6%) B oo, HoF
07 = m VA F 05 = —m~ V4R m(07)? = o(m) 1 m(63)2 = o(m). T XHERM ¢ KiK.
4 {0: —2logL*(6) < c} =: I, &M%, ATHL ¢ = min{—21log L*(6}), —21og L*(63)} /2.
RIE (2-23), TEN 6% € 1. E —(no € L, WHERK a € [0,1), F (1 — )0* — alme € L.
XEWE 67 f0; PHF—-ANA—EBT I, BE

P(6*| <m™° ~Gua€l.) < PBiel.Bb3¢l)
= P(min{—2log L*(6}), —2log L*(63)} = 0)

— 0.

H—HH, RIE 2-24) TR

P(_CmZ ¢ Ic)
> 1-P(|0*| < m 25 —(,p € I) — P(16*] > m™%5)

P(—2log L*(—Cmz) > ¢)

1
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FESER AN ERRRNE BRI

#
—2log L*(—(pm2) 2> oo.
XH#HTF
¢ = min{—2log L*(6}), —2log L*(63)}/2 & oo,
i
P(=2log In(Ire) > &—a) = P(-2logL*(~(ma) > &1-a)
- 1.
iEEE. |

§2.4 H{EMR

AR—tE, BREHEERE M ATER. 2 EESSENEESSERMEL T
X BT 3RS SR B 3 pR AT VR4S, BB B ERNEH TARS A T 2%
KRBT EIRAD. FBRULT 2 :

EAS: EVEM Z, PE—TTE Ziy "K' N(0,1);
JEER: Zigp = (28, — 9)/3, H P 7z, "X Gamma(9, 1).

Xt =JCH A (N, r,c), HERIF S N = 20,40,60,80; r = 2,4,6,8,10; ¢ = 10, 20,40. it
Sb, EERR ZB R ZETHRE, XF S M T IR, ZRTH=FMER:

(a) T M Ze WA= AKEEANAZITTESAOL
(b) Zp=1I,Zc AXNAEMEBERA c/I0MTESET 2;
(€) Xc=1,%r=10-1, +0.1- 1,17,

ERMERIT RS, O REFERERIZT 1000 Kk, AT0HE 4 (B ZFHKTFA
0.05 i KKK F MEKTH, BEERNT:

R 2-1 FRERF DT RE T Z2RURTENEKKT, RABTUEH, RE

n ZBEE K, XWF 2 T RERK T EEREEER T 8 E KT 0.05, X WAL
R 2 TN IR 21K F LRERE M.
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F_E REREFRIGENEE

#2-1:Hy:Q =1, v.s. H : Q£ I, FEKKF

n c 2 4 6 8 10
E&/ G

20 10 0.076 0.068 0.084 0.069 0.078
20 0.086 0.083 0.075 0.065 0.072
40 0.085 0.076 0.081 0.074 0.070

40 10 0.072 0.073 0.067 0.068 0.067
20 0.071 0.069 0.067 0.063 0.056
40 0.074 0.072 0.062 0.068 0.065

60 10 0.061 0.058 0.052 0.053 0.047
20 0.060 0.058 0.057 0.054 0.049
40 0.053 0.054 0.052 0.051 0.051

80 10 0.057 0.055 0.051 0.050 0.050
20 0.058 0.051 0.050 0.049 0.046
40 0.052 0.047 0.046 0.051 0.050

AEIER A1

20 10 0.081 0.075 0.074 0.079 0.064
20 0.077 0.082 0.081 0.073 0.063
40 0.077 0.074 0.078 0.080 0.079

40 10 0.075 0.069 0.065 0.069 0.057
20 0.071 0.070 0.064 0.061 0.058
40 0.068 0.067 0.062 0.065 0.057

60 10 0.065 0.065 0.060 0.048 0.052
20 0.066 0.055 0.051 0.059 0.047
40 0.062 0.059 0.056 0.053 0.054

80 10 0.063 0.054 0.055 0.047 0.053
20 0.056 0.052 0.049 0.047 0.052
40 0.052 0.051 0.052 0.050 0.050

R 2-2 - 2-4 HRIWBR K TIRGETETHH, B2H% BT @@)-). HE4, W o
TR R RE, FEEAER r x cHIHEAE n BHEX, 2ITIHE EiE R H
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WRHEET 1, BESH A THSEREE G — &, EESHAH THRRIIEBERE, X
£ 2 LA B A SO IR T VR I R

R22:Hy: Q=1 vs Hy:Q# I, IEBRINK

r

n c 2 4 6 8 10
EE& DA

20 10 0.930 0.965 0.969 0.972 0.973
20 0.961 0.964 0.968 0.970 0.974
40 0.960 0.967 0.969 0.975 0.979

40 10 0.964 0.968 0.974 0.974 0.980
20 0.964 0.969 0.970 0.977 0.986
40 0.965 0.966 0.967 0.979 0.988

60 10 0.972 0.978 0.980 0.981 0.984
20 0.974 0.982 0.984 0.985 0.989
40 0.977 0.972 0.985 0.986 0.991

80 10 0.980 0.981 0.988 0.989 0.994
20 0.981 0.982 0.989 0.992 0.996
40 0.983 0.986 0.985 0.997 0.998

FESTA

20 10 0.922 0.927 0.930 0.919 0.934
20 0.923 0.929 0.935 0.930 0.935
40 0.932 0.930 0.933 0.930 0.938

40 10 0.930 0.935 0.934 0.933 0.944
20 0.937 0.939 0.934 0.936 0.940
40 0.941 0.946 0.939 0.938 0.943

60 10 0.947 0.951 0.953 0.959 0.954
20 0.949 0.948 0.949 0.963 0.966
40 0.947 0.952 0.954 0.950 0.957

80 10 0.945 0.947 0.958 0.962 0.971
20 0.952 0.956 0.961 0.972 0.969
40 0.960 0.968 0.977 0.976 0.981
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FoE =R4ERREENEE

F23:Hy:Q=1I1, vs Hy:Q# I KIERKRIH

r

n c 2 4 6 8 10
EA

20 10 0.918 0.920 0.929 0.932 0.935
20 0.919 0.922 0.924 0.934 0.936
40 0.921 0.928 0.936 0.942 0.945

40 10 0.929 0.934 0.937 0.941 0.950
20 0.934 0.940 0.948 0.945 0.951
40 0.936 0.943 0.942 0.946 0.950

60 10 0.942 0.946 0.951 0.958 0.949
20 0.944 0.946 0.946 0.947 0.949
40 0.947 0.949 0.948 0.950 0.955

80 10 0.949 0.951 0.953 0.956 0.962
20 0.952 0.954 0.963 0.965 0.966
40 0.951 0.956 0.971 0.980 0.989

FEESD

20 10 0.927 0.934 0.926 0.933 0.932
20 0.922 0.927 0.936 0.935 0.933
40 0.928 0.930 0.934 0.936 0.944

40 10 0.930 0.933 0.946 0.937 0.940
20 0.935 0.941 0.939 0.939 0.945
40 0.938 0.943 0.940 0.938 0.941

60 10 0.944 0.952 0.946 0.944 0.949
20 0.947 0.944 0.949 0.952 0.951
40 0.949 0.946 0.953 0.957 0.959

80 10 0.951 0.966 0.967 0.971 0.969
20 0.950 0.957 0.963 0.955 0.968
40 0.950 0.960 0.969 0.965 0.974
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RERIEHENEERRHSBIR T &

FR24:Hy:Q =1, v.s. Hy:Q# 1. 2B I

r

n c 2 4 6 8 10
IExFD

20 10 0.922 0.930 0.943 0.944 0.945
20 0.925 0.941 0.950 0.950 0.950
40 0.926 0.947 0.947 0.950 0.958

40 10 0.946 0.947 0.951 0.954 0.956
20 0.947 0.951 0.956 0.957 0.945
40 0.947 0.954 0.951 0.957 0.954

60 10 0.951 0.952 0.954 0.958 0.961
20 0.955 0.957 0.964 0.954 0.966
40 0.954 0.955 0.958 0.962 0.974

80 10 0.961 0.962 0.966 0.972 0.984
20 0.964 0.966 0.976 0.984 0.993
40 0.967 0.967 0.968 0.994 0.996

ARIERS Fi

20 10 0.925 0.935 0.941 0.947 0.949
20 0.924 0.934 0.943 0.950 0.948
40 0.938 0.942 0.945 0.952 0.951

40 10 0.939 0.942 0.947 0.954 0.952
20 0.940 0.939 0.943 0.949 0.956
40 0.940 0.950 0.949 0.953 0.955

60 10 0.944 0.952 0.959 0.949 0.950
20 0.948 0.957 0.963 0.953 0.958
40 0954 - 0962 0.969 0.971 0.970

80 10 0.955 0.972 0.956 0.966 0.973
20 0.947 0.958 0.988 0.967 0.972
40 0.954 0.961 0.965 0.970 0.975

2R LATIE, AR MERKTEER LR INBER B, X EHNLBLATEEET S
AR
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FE BEEMMEENRE

AEFENREEEREEEDZEENRRERHT VO, Xt I ELBLIRE
T B AR R R B S o I B R B0, @ Wi i TR AT R IE, 8 AR LL
S EBFERMNF T HZ 510 AEN B Z LR EERIRBIE 0, XthR
FRXEEMNEREFZ—.
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FZE PFHAELXMEANKEY

§3.1 REINF

FEEEETERELELEASHNERURRE. Bi% Yy, - Yip, MYy,
Yon, 37K E Y, 1 Yo MERARRBENEA, AR HHA n Fony, B EY) = m,
E(Ys) = py, Var(Y;) = 0, Var(Ya) = o2. FHE¥%% B 5 6 5

Hy:apy —buy =0. v.s. Hy: not Hy.
XE 0 ABRMNBHSE, a M REBANENES, ny+n, =n NEESHLER.

TEBE TR A, £ R W R Yan™ SPIRE A E SRR R BRI 4
ERSHEAS, 2 AR ILAARBZRLAR T ENBXNBHSH 0 #1ITRE, EARRS
BT n — oo WENERMF T 270

§3.2 FRERHERZIIR

2 Yi, oy Yin, M Yay, - Yoo, #RARE Y, F1 Y, WERBSLRA SR, BEEE S
AR M ng, B EV) = 1, E(Ya) = g, Var(V1) = 0%, Var(Ya) = 03. % 6 = apy — bus,
a b RIEEDNAZNER TEETHELAST 0 WEE LSBT BILRRE

Up1,p2) = Y log(py;) + Y _ log(ps;),
j=1 j=1
;\:EP P1 = (pllr e 7p1n1)T ﬁ P2 = (P21= et ep2n2)T ﬁ%ﬂ%ﬁ#zimﬁ%iﬁ“E%. 9 H‘]?;’é
R e G B SR
r(0) =) log{nipr;(6)} + > log{nape;(6)}.
ji=1

=1

IXE py;(0) M po;(0) AEKAL U(p1, p2) HEHH R I T AR AMAE

ny n2
Zplj =1, szj =1, -1
j=1

=1
ni na
GZPUYU - bzpzjyzj =4. (3-2)
j=1 j=1
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B SR E R R R I IR O v
Hd 9 =aE(Y}) - bE(Y?).

31383.1.1 iR Y AEHARSHERMLENER, i =1, ,n. E(Y?) < 0. &

Zp, = maxi<i<n |Yi], M Z, = o(n?).
%3 B VR AHIE B33 B Owen " H 51 28 11.3.

EHE3L1 B2 <oo,0i<oo, BB o 7m,me(0,1), n— oco. MEn — oo,
—2r(0) S »2.

RE 3,11 BERR: B, BB ™ = 7 e (0,1), TRREER S 0,(n;?), Op(ng?) A
Op(n~2). T4 po A—BERHBE o = pp + O(n~2). ATFTRRMRBAREM (3-2)

ni na
GZPUY}]' = o + 6, bZP2jY2j = Uo- (3-3)

LR FAM (3-3) 9 (3-2) KIFESr DL EF M. JZAEH) r(0) WA r(fn,0), XE o REZK
SRS B r(1o,0) KT po FIRAK R TREIER 6). B py FITRSBH.

BT HHE B RT o, KL Upa, pa) BEIGH G-1) A0 (3-3) 48 iy, 7 oy T

. 1
Py = 0 M(aYy — po— 0)}
- 1
P2 = {1+ e (02 — o)}
X A A RN FHRASE
1 1 aYlj — Ho — 9
il =0
Ny ng 1+ M(aYyj — po — 6)

n2

1 ngj — Ho
— = 0.
Ny ; 1+ /\2(bY'2_7 — uo)

3t R 2 B X B AR LG RO

ni ne
r(to.0) = —> log{l+Ai(aYy; —po—6)} — D log{1l+ da(b¥a; — po)}.
Jj=1 j=1

FRE g, 2 Or(uo, 0)/0pe =0, AT 18

’I’Ll}\l + 'I'Lg)\g =0. (3'4)
R4E Owen" HhRIERE 3.2 41
1 - _1
A = W(ayl — pio — 0) +0,(n"2)
1 _ 3 (3'5)
Ap = W(byz — Ho) + 0p(n77),
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B=F FEFHERKEASHRER

Heb vy = 300 Yy, Yo = 5 002, Yoy

% (3-5) R (3-4) 718 (3-5) WIfEN

fio = (a¥1 — ) + (1 = 7)bYa + 0p(n"2),

y
+

m
a20?

L3 na
352 T 32,2
a’of  b%03

7= (5 3)/( )-

ERE M (aYij— fio—0) = 0p(1), Xa(bYa; — o) = 0,(1). B, 7E po = fip 2XF —2r(6)
HITRMRFAE

—2r(0) = —2r(t,0)
ny n2
= 2 log{1+X(aYy — flo = )} +2 ) log{1+ Aa(bYz; — fio)},
j=1 j=1

NE BRI K AAE

2210g{1 =+ Al(aYij - /lo — 9)}

j=1
= QZ[/\l(aYu — fio —0)] - Z[/\l(aylj — o= 0))* + QZ T
j=1 i=1 =1

n1
= 2n1)\1(al7] — g — 0) — nlaz)\"l’af + 2 Z M

=1

ny
m > N
= a2—a§(aY1 — fio — 6)* — 0p(1) + 22 Mjs
Jj=1

1 iy = o([M(aYy; — fio — 0)]3).
X HENERK B>0,F8
P(lm;l € B+ |M\(aYi; — fio — 8)]°,1 < j < my) = 1,ny — o0,
m
1Y mgl < B IMlP) ] llaYsy — o — 6]
i=1

=1

= Op(n; *)op(ni)

= 0p(1).



SEUEEN D ERR RSB ER T

QZlog{l + A1(aYy; — jip — 0)}

=1

= ;7;;—%(0,)71 — flo ~ 9)2 + 0p(1).
FIREHN, 58 — Tk

n2
2 "log{1 + Ap(bYz; — fio)}
j=1

_ ™ av a2
= bzog(byfz—llo) + 0p(1),

WO fio AN —2r(0) &

2(0) = oala¥s — o = 0F + T (0% — o)? + 0p(1)
— @h-th- 0T @> + o)
4 K2
iEEe. u

§3.3 MR ALZIIA

B 8l 28 Xk, B F ZE AR E B L LSRR BTG AU &, 270 A Wu
Yan" SNk T, EEEEUNES — A L, BTN SR ARE X, ZHEREH
Fu, Wang f1 Wu"™" 7EXt £ EREARIHERTDIR Y.

B, & SUMBT AR R B T
lo(P1, P2) Z log(py;) + — Z log(p2;).
]—1 J—l

KB Wy = wp = L R SUMBBRN SR it B

ru(6) = Z log{nip1(6)} + — Z log{napz;(0)}.

;r—l
Horf £r;(0) F o (0) BB A Ly(p1, p2) FEBRANRKZM 3-1) F (3-2) HIFE.
EHE321 BiKol<oo,0i<00, BB 51,71 e(0,1), n— oo M n— oo M,
—2r,(0) 5 x2.
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F=E AEASELKEASRER

EIE 3.2.1 HUIERR: B, MHTEIL AR &M (3-1) 1 (3-2) EFraiE AE B LK.

B (3-1) &1
sz Sopu=t.
i=1
B (3-2) & . .
awy Y p1j(Yajfwi) = bwz Y poj(Vaj/wa) = 0.
=1 Jj=1
HG6OFMGENDE

n n2
wi Y prj(aYaj/wr — 0) +ws Zp2j(_by2j/w2 —0)

i=1 j=1

*EE(S-S)&UH =W2=%?§

n 2
wi Y piy(l—wi) +ws Y poj(—wr) = 0.

j=1 j=1

W gRE (3-8) F1(3-9) 40

2 n;

Z wi Z pijui; =0

im1 j=1

Hu; =2;—n,i=1,2, Hz;=(1, aYh/wl)T zp; = (0, —-ngj/wg)

(3-6)

(-7

=0. (3-8)

(3-9)

(3-10)

,N= (wl, 6)T

BTk, ARl H R FIEEAEREYE (3-6) fl (3-10) T RME max{l,(p1,p2)} &

1
pij - ni(l + /\Tuij)’
Hb \HRWTHE \
ni
Wi U5
2 =202 Ty =
=

B e = 1 oaml fROA G-11) B8

N > 2 . n;
"% ulj, u2j ﬁ)\ Zi:l %:' Zj:l llij ﬁ

o

2 n;
U2Y 2N u = (0,aYs — 0Y3 — 0.

i=1 j=1

-

(3-11)
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EAEBESENERERNERUR T

RHE Owen" FEBUEAT B A =D U +o0,(n"12). RED =37 Y e iUy
92 x 2 5ERE.

XY 6 BN K X BR LG BRERIT, % A D RAAF

—2r,(0) = 22 Z:log(l-*-)\TuzJ

i=1 i j=1
W 1 _
= 22 - Z()‘TWJ - 2’\T“¢Juzg)‘) + 0p(n D)
i=1 _1-1
= UTD U +o,(n7?)
= d®(aY; — bY, — 0)2 + op(n7Y).
He d®@) H D HE_AMXATE.

4 e =d®(a?. %:’- +52- %) )
—2r,(0)/c1 > X2
IXHE 0 = oEY, — bEY,. iF . u

321 40 H 0= aY, - bY; hitE, BRS¢ B—BETTUA 6 ', 1
BHE —2r,(0)/6 5 32 B0 1 — o KPHBER A

2rw (9)

= {6] < xi(o)}-

§3.4 EBERAPEZEARWNATE

R Z ISR T B L B Chen 0 Sitter™ $2H4, /53K Wu #1 Rao™ FIRETEAE
HWEASHTREORBRIMEEEXE, A WERBRXTENSH 0 #1iT750HiEN. 4
s AMNE i MERSEPEREIBELRETE, n, AE  MEBEBMEELR, = 1,2.

(') =P(jes;) REBEME,j=1,--- ,n,i=12%d;= ;%3 RNEXFTINE, A

d,_-,(s‘) = dta/zdtk

kes;

AT IR, B, & MR ERURER K

2 ni

lpei(P1,P2) = Z W; Z dij(s:) log(pi;),

i=1 =1
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BEE FREAHELZHEENRE
HE w = wy, = L HARAHE |, SEEERTMEN, d;(s) BHLN L, X4
per(P1. P2) EML A E S5 B IALE 10 SR B8 L, (D, Da)-

331 7E WuFllRao™ WIHTIEME TN EMMERGCLI-C3 T, BE 2L » 7
7€ (0.1), n = oc. MY n — oo B, WEHFHEENZRLALGETE —2rp(0)/cc S

EE 3.3.1 BNERR: A Lo (p1, p2) EHBHELREZH 3-1) 1 (3-2) 7

Pi0) = 1 f’is’i,,
A AT RBE
g(\) = ZI: Zf’f‘i\;f:’] = (3-12)
EEE
Pij Oper) = dij(s:),
He

n; n2
Oper = aZﬁleU - bZﬁzjyzj = afiy — bjly
=1 j=1
A 0 FIBRABERBRMET, b = 305, dij(s:)Ys; = (O iin)di; Yii/ 3755, )dis, W 6 KDy 2
KilsktbgitEN

Tpa(8) = lpez{ﬁl( ) $2(6)} — Lper {1 (6pe), ‘(épea}
_ szqu St) lOgl 1.](3‘1) szZdu(s,)log[du(sa)]

i=1 i=1 j=1

1
= Zw’Zd’J St '—)‘—Tuzj'

i=]

= — Z w; z dzj(sl) log(1 + )\Tuij)'

=1 i=1

HG12)F

2 ni . )\TILU
2 ; Bilous (= T ey =

37



AESIESEN B ERRRNESRORTIE

il
2 n; 3 2 n;
L, dij(si)uu; .

OBED D v i DLD DL AL

i=1 7=1 i=1 j=1
s

A=K U +o0,(n"1?),

He

2 n; - 0
U:Zw,-Zd,-j(si)u,-j= ( ) .
‘ a(fin — )

—b(fia — u2)

FIREHE, X —2rpa(0) BEIRIT K X RAE

—2rpa(8) = kP {a nz dij(s1)Y1; — b i dai(s2 — 0)2} + 0,(1).

i=1 i=1

co = kK®a?. V(i: (le(31)Y1j) +b°- V(i: da(52)Y25)},

=1 i=1

Hep k@2 KRB AN ATE, V) AETRITHTE. &
—2r,a(8) /2 2 X2,
Lo N M—BETE MWK 1 —a KFHNEFKEN
¢ = 107220 < e},
2
UEEE.
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F=E AREAHELHEAGIRE

§3.5 HERAHIBERI AR ZWA

AT B M AR BRI T 2R A EL A & M RIRR. 1TA Wu
A Yan” X RER, BESE Y R, {(Y.xg), 7 =1,....n} BRRESE « M
RIBEYLRER, i = 1,2, MR E Y;; AR &R AR R

Yi; = x50 + €5, (3-13)
Hei=1,2 6 f 5 AHLAEKEESH, H ¢; RIHERN O, FEAREICH 77 FIBHILIR
ZI0, WAL R Y;; BBk, 4
o — { 1, Y BRI
0, Y;; K
BB BHIIN 0 = apy — bug, s = E(Yy;) NE i N REHIE.

3

ng g
Bi = (Z Oixixig) Y bixis Y

j=1 j=1
A B KRN ZRAGTE, B2

Yy =85 + (1 5ij)x£‘5i,

Hdj=1,...,n,i=12 BAREREEZRLUA ST EXRITE r(0) BTEEELE
TR RS E 7(0), HAREMS 3-2) BH#A
azplj)}ij - przjf/zj =0, (3-14)
=1 =1

W 6 =18, Yoy = Vi , 24 6 = 0 B, Yoy = x5 6.

ETE34.1  RIFEIEER (3-13) BOL, BOLRZET T E 2 AR BRE E(||1X:]?) <
o0, Bn — oo B, ™ = 7€ (0,1), WM n — oo I, ZiitR —27(0)/cs S X3, c3 FHBIH
#.

FEID 3.4.1 HIERR: 4 o NEEBHE, 1 7E o MHE, BWRE i = pao + O(n] 7).

7E X

r(pse. 8) = Zlog(nlplj) + Zlog(nzpm')a

j=1 =1
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SASENENEFRROERUR T &
0 R E LR BULARRENIN U(p1, p2) = 372, log(pyy) + 352, log(pa;).-

&
> pij(a¥s; —bup —6) =0 (3-15)
=1
#
> poj - b(Yaj — p2) =0 (3-16)
j=1

Z (3-14) IR S ALEZM, MIRENKBHBERTFE RN I(p1,p2) FHFEL (3-1),
(3-15) ¥ (3-16) &

1
PU = il + BE (aYh; — bz — 0)]
1
Pag = na[l + BT - b(Yaj — u2)]
Hh s #1 8, 533N T IR AIAE

_:_l_ i aYij - b/,Lz —0
145 1+ BT (a¥y; — bug — 9)

_L nzz b(Y;a’J _~»U'2) - 0.
2 4 1+ B3 - b(Ya; — )

r(u.0) = = Y _log[l + A7 (a¥i; ~ by — 6)] — Zlog + BT b(Ya5 —p2)]. (3-17)

i=1
4l 018
12
mpBy + ngfs = 0. (3-18)

4k, B Wang 1 Rao™ W50
# Z(aﬁj - b#z - 9) ‘ti) N(Oa Vl):
Jj=1

I o=, &
o Z(aylj —bup -0 B Un,
147

_ 1/2
lgfg’;'yul = Op(n' )

B = Oyn;"?.
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F=F AHABHELEESHER

Ha
Uy = a*(Su + BYS1B1) — 2aST By (bus + 6) + (bug + )2,
Up = b*(So1+ 57 Saufo) + b (pa® — 2SgBapin),
Vi = a*(Su + SLSE S12E + BT S14br + 255,55 S1677)
—2aS75 51 (bpz + 0) + (bug + 6),
Vo = b%(Sa1 + BESaufB2) + b2 (pe® — 25%Bopts).
Si = El6;(Yi — x;”;ﬂi)z], Sia = E[(1 — 6;5)zi), Siz= E(Jijxisz;’);
Sy = (CEufU ). Sis = E(z:5), Sie = FE(dzi5), i=1,2; j=1,...,m4
m 7
Z(aYlJ — bpa — 0)271 ) (a¥i; — bz — 0) + 0p(n; "), (3-19)
j=1 j=1
n2
By = Z(boe, p2) P17 D b(Yay — p2) + 0p(ny ). (3-20)
j=1 j=1

¥ (3-19) 1 (3-20) £E N (3-18) T8 (3-18) HIMR 1, W 2
bfiz = a(aYy. — 8) + (1 — a) - bYa. + 0,(n™7?),
Kt o= (2)/(8+ ).

b(fiz — pa0) = (a¥s. —bugo — 0) + (1 — @) - b(Yz. — pao) + 0p(n™?)
= a-a(Yi. — po) + (1 - a) - b(Ya — ) + 0p(n /%)
= Op(n7?).

EEE Bi(aYs. — bug — 0) = 0,(n/?), By - b(Ya. — tg) = 0,(n~/?), BXt (3-17) 7€
U = jip REETIREFE

—27(0) = —2r(fi.9)
= 2 log[l + B (a¥y; — bz ~ 6)] + 2 _log[1+ 57 - b(Ya; — pi2)]
j=1 J=1

= —(aY1 — bjigo — 0) + B—[b(YQ — fioo)]? + op(1)

= (a¥y. — bYy — 49)2/(n—1 + %) +0p(1).
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BESENENDERRBNEBRUR T

Yea=E+2) /(0 +2),0

—27(8) > x2.

UEEE. |

§3.6 BUEWAR

AT T, A THREIFHBIREZELIR (EL). INBEZKLISR (WEL). HBIRKHEZLE
fLi4R (BWEL) iX =#M AW AUR AR S, 23K H 5 Bk T HESR, RE TERFEK
FH095 80 =au, —buy BERXE (a=1,b=3), BEEEERWT:

() NRGEREE s; b A TR S BE U REDT ES R B O/ 9 ny BB BIRER o, H {(d};,Y3)),
j € si= 1,2} Ron B BEEAR LR,

() # X BBIREPAESHZE AR

lper(P1,P2) = w1 Z (s1) log(pyy) + w2 Z d;_, s3) log(p;).
JjEst JE€s
Hodw) = wy =1/2, cﬁj(st) = /Z:Je3 i
Q) irEMANIgG TR

* (A 7 * p 7 * P2j
"'pez(epel) =w Z d;j(sl) 105 J* 2';* + wz Z d;j(s2) log (i* J*

Jjesi 1 ) j€sy 2,'( 3)

b pi; (0= 1,2) 88K Iy (01, p2) BERTE R T AR

4 ni

}:Plg =1, szg =1

J:]_ J=1

2
L Zwizpijuij =0.

i=1  jes}

EEP ll,ij = zij -1, 1= 1,2, E ZIJ (1 aYIJ/wl)T Zgj (0 bY;J/UJg) .= (wl,B)T.

4 BEEHE 1)-3), —HEE B K BEFES 20m), - 5 (0pa), T by IRAE Z
FFEIHI5E 1000 BEA 3 A1, Hh o = 0.05.

FEHZEBUT =ML

) B, Y, BAIESS T,
42



F=E FHEEAHELHHSHRE

(2) Y1 1Y, BRI BUEZS 5374
Q) WAL AWNMERAE, HNTEASHZEME.

BEEFZE (CP), £ U)MT L) BIREE, FHKE (AL) ZJLMERRABTR R
TiERI S, Rt E AR

L = 100x%§:1(ég’)29),
b=1
U = 100x%iz(ég’>ge),
CcP = 100x%if(é§f><e<é§?),

XE (09,60 RS b MERBEA DB 0 BISX A, B = 2000 EEAUSTHIAK
B HL+U+CP=100.

EH 3-1-33 1, BLRBEEE ny M ny, HARFNME, 2305514 BARR 54 T K
CP,L, U #1 AL {&. £ T3, LA L S RE 5L T R4S Rt T B 0

MFHEL (1), @ Y1 ~ N, o}), Yo ~ N(pg, 03), B pn = 1, pp = 2,01 = 1.5,
oy = 1. \NE 3-1 ATA, BR T 7 nqy = 60, ny = 30 Bf BWEL F¥EAKBURZ 4, BEEXK,
WEL 8 BWEL & ZE —8 MR TArMER EL HiE, BRI A: CP EEEE T4 XE, L #
U SRt e B 4, AL 3% F KIRE ).

XF1EMR (2), & Y7 ~ Lognormal(vh, 02), Yo ~ Lognormal(vy, 02), ¥ vy = 1.1,
ve=12,02 =04,03 =02. TR 3-2 AR, HEE n; = ny B, R=EMITER CP{E*H
HeRE A B A SR B S E; ny = 30, ny = 60 i BWEL RIEEZE(HH7E 90 LA L.
&K, EL. WEL f1 BWEL R A4 BRIk %,

FFER (3), BEBEARN N, = N, = 5000 FIHEREE M TE—A B8 BE
3000 MR Yi; 90, FR 2000 E AR B ARM I 51546 Uni form (0.8, 1.2); X F 58
ZANRE, BE 4000 MEHNEEE Yy, 9 0, FA 1000 MERIERM Uniform(1, 5)H =4,
PEEAB AN ER R AR, WE 3-3 BEIER T4 ny = 30, ny = 30 # n; = 30,
ny = 60 BIEM T, M¥BHR CP 3RE, WEL i%=EL T BEL Ak HMEHR T, M CP EKE,
EL. WEL P\ BWEL R4, L 1 U EKA RS RKESRE.
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AAEESENHERRBNEB IR TTE

®3-1: WIESSHKT 6 HERFKXIE

(n1,m2) ciI L CP U AL
(30, 30) EL 2.90 94.25 2.85 2.30
WEL 2.50 94.90 2.60 2.52
BWEL 2.45 95.25 2.30 2.99
(30,60) EL 2.80 93.60 3.60 1.77
WEL 2.80 94.55 2.65 1.82
BWEL 225 94.85 2.90 2.36
(60, 30) EL 2.90 94.60 2.50 2.25
WEL 245 94.65 2.90 2.28
BWEL 3.75 92.80 345 2.88
(60, 60) EL 2.65 94.45 2.90 1.80
WEL 2.05 95.10 2.85 1.79
BWEL 1.90 95.45 2.65 2.32
(30,90) EL 3.40 92.85 3.75 1.51
WEL 2.45 95.60 1.95 1.66
BWEL 2.15 95.35 2.50 2.33
(90, 30) EL 2.75 95.10 2.15 2.20
WEL 2.95 94.10 2.95 2.19
BWEL 2.75 94.85 2.40 2.86




F=F AAHELKEEareR

32 FAPESLET 0 WEEXE

(ny,n2) CI L CcP U AL
(30,30) EL 1.95 95.20 2.85 1.54
WEL 4.35 94.80 0.85 1.52
BWEL 2.70 95.00 2.30 2.97
(30, 60) EL 2.85 94.00 3.15 1.16
WEL 3.35 94.90 1.75 1.16
BWEL 2.80 93.70 3.50 2.34
(60, 30) EL 1.80 94.80 3.40 1.49
WEL 3.00 94.90 2.10 1.46
BWEL 245 95.35 2.20 1.32
(60, 60) EL 2.15 94.85 3.00 1.10
WEL 2.90 95.65 1.45 1.09
BWEL 1.90 95.70 2.40 2.25
(30, 90) EL 2.75 94.50 2.75 1.00
WEL 2.70 95.50 1.80 0.99
BWEL 2.00 96.30 1.70 2.22
(90, 30) EL 1.85 94.15 4.00 1.44
WEL 3.05 94.60 2.35 1.60
BWEL 2.70 95.20 2.10 2.36
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R33:HERBMAET I HERFXIH

(ny1,n9) CI L CcP U AL
(30,30) EL 3.20 94.50 2.30 241
WEL 1.80 96.30 1.90 2.88
BWEL 1.95 95.85 2.20 2.97
(30,60) EL 3.30 94.25 2.45 1.71
WEL 1.85 96.25 1.90 2.02
BWEL 1.80 95.70 2.50 2.34
(60, 30) EL 3.25 94.30 2.45 2.37
WEL 240 95.25 2.35 2.86
BWEL 2.55 95.35 2.10 1.32
(60,60) EL 295 94.60 245 1.70
WEL 2.05 96.25 1.70 2.03
BWEL 1.90 96.70 1.40 2.25
(30,90) EL 3.35 94.10 2.55 1.40
WEL 2.00 96.40 1.60 1.65
BWEL 2.00 96.30 1.70 2.22
(90, 30) EL 3.10 93.90 3.00 2.38
WEL 2.00 95.25 2.75 2.85
BWEL 1.70 96.20 2.10 2.42

ZLEATR, M TAERHARE RS FTRAN=ZMERURT EHBLIT ZERH,
HM\BEHZEZNHANREFIREERE, BWEL TEMRREE, K3 WEL &%, B/a —iriE

#) EL 5.

FEZEHRA T EEERFABELEASHRRRER, BdRE=MNFARANES
BEBORTT & EHRNNUA KR RA TR, BH=MTENRRBSTTBHRNTF
7757, SR, X i B AR FEOURMR T8 R4S K, S4EREA BB AKX UMLK EUR
TEFFRF SR, Boh, B A CHRERE RIZH B S E R LR 3 B o SRR AL

Fri B EARY TSR EETE
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ENE SHitRRE

A% = FiBILR Touloumis et al.” FAEFFREHE T BN B, FIAIESHERL
RRRTIE, ERADE/\HEFEAMY AR T, N EATHHEEFHT T RE, B
Z PR GTT BENE RN R 900, BERYE R A SR EANL BRI EA N E
HitE LW U i BB REE, MELTRAERKFERZLE IR, I AR+
o, MFEZEHBRRREE, ZTF Wu Al Yan™ 3t B2 LA EASENE
W, 72 IR KA LK R R E (R 25 P (AR PR & ROFENT, BB T 2 RAUUR GRS
B iR N 77 504, BUE LB E 1 B Bk I RUR BT

REARXF ARG LURTT IR T 7R R EE th 2 R R 56 i3 A R R A 348
HIZR M & U, T BT+ B 2. B8RS B3 &, V7 224 £ Il R W R HEAT IR
AHBE T, THERIE=ASFRE— D EHRRT A A

1. AXEZEFTFRERERITIINERIARMER, B BETHEENSIHTE
FERE— A RBAERER KA ZIT TR IMRRE, = RENKGRTER LR
SRR TR BOL AT 5 e ?

2. ANE=ZBRXE EERFADERNKEASHITRELRE, HETREEEEX
RA S IME BRI N A E N LA G g THERE Bmd, 53
Rimssib.

3. AP XX PRGT FEFTHEAT KIS HERT, 2ER T AN T BB AR R
T AR — R, SR TUZ A R R D AR A 3K SEFR R B M SR EAT 7 BiEE, TR
EBRMESHE, IWEER SR XN B8 IR 232 B T SEPR, AT S8 47 3t SBR[
T ERIARE T EME IR A M.

47



RESEHENDERERNERURTE

48



S 3Rk

[1] Owen, A.B. (2001). Empirical Likelihood. Chapman and Hall/CRC.

[2] Zhang, R., Peng, L., Wang, R. (2013). Test for covariance matrix with fixed or divergent dimension.

Annals of Statistics, 41, 2075-2096.

[3] Peng, L., Qi, Y., Wang, F. (2014). Test for a mean vector with fixed or divergent dimension. Statis-
tica Science, 29, 113-127.

[4] Touloumis, A., Marioni, J., Tavare, S. (2014). Hypothesis testing for the covariance matrix in high-

dimensional transposable data with kronecker product dependence structure. Statistica Sinica, 6,

311-329.

[S]1 Wu, C., Yan, Y. (2012). Empirical likelihood inference for two-sample probles. Statistics and its
Interface, 5, 345-354.

[6] Chen, S.X., Zhang, 1.X., Zhong, P.S. (2010). Tests for high-dimensional covariance matrices.

Journal of the American Statistical Association, 3105, 810-819.

[7] Touloumis, A., Tavare, S., Marioni, J. (2015). Testing the mean matrix in high-dimensional trans-

posable data. Biometrics, 71, 157-166.

[8] Wang, R, Peng, L., Qi, Y. (2013). Jackknife empirical likelihood test for equality of two high

dimensional means. Statistica Sinica, 23, 667-690.

[9] Hjort, N.L., Mckeague, I.W., Van Keilegom, 1. (2009). Extending the scope of empirical likelihood.
Annals of Statistics, 37, 1079-1111.

[10] Chen, B.B., Pan, G.M., Zhou, W. (2015). Large dimensional empirical likelihood, Statistica Sinica.
25, 1659-1677.

[11] Wang, L., Yang, D. (2018). F-distribution calibrated empirical likelihood ratio tests for multiple
hypothesis testing. Journal of Nonparametric Statistics, 30(3), 662-679.

[12] Jiang TF, Yang F. (2013). Central limit theorems for classical likelihood ratio tests for high-

dimensional normal distributions. Annals of Statistics, 41(4), 2029-2074.

49



EESEHEN G ERRRNERUR T

[13] Chen, S.X., Qin, Y. (2010). A two-sample test for high-dimensional data with applications to gene-
set testing. Annals of Statistics, 37, 808-835.

[14] Chen, S.X., Peng, L., Qin, Y. (2009). Empirical Likelihood methods for high dimension, Biometri-
ka. 96, 711-722.

[15] Wu, C.B., Rao, J.N.K. (2006). Pseudo-empirical likelihood ratio confidence intervals for complex
surveys. The Canadian Journal of Statistics, 34, 359-375.

[16] Chang, J., Chen, S.X., Chen, X. (2015). High dimensional generalized empirical likelihood for

moment restrictions with dependent data. Journal of Econometrics, 185, 283-304.

[17] Allen, G.I., Tibshirani, R. (2012). Inference with transposable data:Modelling the effects of row

and column correlations. Journal of the Royal Statiatical Society B, 74, 721-743.

[18] Wang, Q.H., Rao, J.N.K. (2002a). Empirical likelihood-based inference under imputation with
missing response. The Annals of Statistics, 30, 896-924.

[19] Wang, Q.H., Rao, J.N.K. (2002b). Empirical likelihood-based inference in linear models with miss-
ing data. Scandinavian Journal of Statistics, 29, 563-576.

[20] Strivastava, M.S., Katayama, S., Kano, Y. (2013). A Two sample test in high dimensional data.
Journal of Multivariate Analysis, 114, 349-358.

[21] Dong, L.B. (2004). The Behrens-Fisher Problem: An Empirical Likelihood Approach. Technical

Report, Department of Economics, University of Victoria.

[22] Liu, Y., Zou, C., Wang, Z. (2013). Calibration of the empirical likelihood for high-dimensional
data. Academic Journal, 65, 529-550.

[23] Strivastava, M.S. (2005). Some tests concerning the covariance matrix in high dimensional data.
Journal of the Japan Statistical Society, 35, 251-272.

[24] Wu, C.B., Rao, J.N.K. (2010). Bootstrap procedures for the pseudo empirical likelihood method in
sample surveys. Statistics and Probability Letters, 80, 1472-1478.

[25] Sang, Y.L., Xin, D., Zhao, Y.C. (2019). Jackknife empirical likelihood methods for Gini correla-

tions and their equality testing. Journal of Statistical Planning and Inference, 199, 45-59.

[26] Owen, A.B. (1990). Empirical likelihood ratio confidence regions. Annals of Staristics, 18(1), 90-
120.

50



SELE

[27] Fu, Y., Wang, X., Wu, C. (2008). Weighted Empirical Likelihood Inference for Multiple Samples.
Journal of Statistical Planning and Inference, 139, 1462-1473.

[28] Wu, C., Yan, Y. (2012). Weighted Empirical Likelihood Inference for Two-sample Problems. S-
tatistics and Its Interface, 5, 345-354.

[29] Dharmadhikari, S.W., Jogdeo, K. (1969). Bounds on moments of certain random variables. The
Annals of Mathematical Statistics, 40, 1506-1508.

[30] Wu, C.B. (2009). Empirical likelihood inference for two populations. Working Paper, University

of Waterloo.

[31] Li, H.Q., Hu, J., Bai, Z.D., Yin, Y.Q., Zou, K.X. (2017). Test on the linear combinations of mean

vectors in high-dimensional data. Journal of Multivariate Analysis, 26, 188-208.
[32] Qin, Y.L. (2009). Statistical inference for high-dimensional data. Iowa State University.

[33] Srivastava, M.S., Kubokawa, T. (2013). Tests for multivariate analysis of variance in high dimen-

sion under non-normality. Journal of Multivariate Analysis, 115, 204-216.

[34] Bai, Z.D., Saranadasa, H. (1996). Effect of high-dimension: by an example of a two-sample prob-

lem. Statistica Sinica, 6, 311-329.

[35] Ledoit, O., Wolf, M. (2002). Some hypothesis tests for the covariance matrix when the dimension
is large compared to the sample size. Annals of Statistics, 30(4), 1081-1102.

[36] Wang, L., Peng, B., Li, R. (2015). A high-dimesnional nonparameteric multivariate test for mean

vector. Journal of the American Statistical Association, 110, 1658-1669.

[37] Qin, J., Zhang, B. (2007). Empirical-likelihood-based inference in missing response problems and
its application in observational studies. Journal of the Royal Statistical Society: Series B (Statistical

Methodology), 69(1), 101-122.

[38] Peng, H., Schick, A. (2013). Empirical likelihood approach to goodness of fit testing. Institute for
Scientific Information, 19(3), 954-981.

[39] Li, J., Chen, S. (2012). Two sample tests for high-dimensional covariance matrices. Annals of

Statistics, 40, 908-940.

[40] Yamada, T., Srivastava, M.S. (2012). A test for multivariate analysis of variance in high dimension.

Communications in Statistics-Theory and Methods, 41, 2602-2615.

51



EERENEN S EERRNESRLR T &

[41] Zhang, C., Bai, Z., Hu, J., Wang, C. (2018). Multi-sample test for high-dimensional covariance
matrices. Communication in Statistics-Theory and Methods, 47(13), 3161-3177.

[42] Wang, L., Veraverbeke, N. (2002). Empirical likelihood in a semi-parametric model for missing
response data. Communications in Statistics — Theory and Methods, 35, 625-639.

[43] Wu, C. (2004). Some algorithmic aspects of the empirical likelihood method in survey sampling.
Statistica Sinica, 14, 1057-1067.

[44] Lahiri, S.N., Mukhopadhyay, S. (2012). On the Mahalanobis-distance based penalized empirical
likelihood method in high dimensions. Sratistica and Its Interface, 5, 331-338.

[45] Allen, G.I., Tibshirani, R. (2010). Transposable regularized covariance models with an application
to missing data imputation. The Annals of Applied Statistics, 4, 764-790.

[46] Owen, A.B. (1988). Empirical likelihood ratio confidence intervals for a single functional.
Biometrika, 75, 237-249.

[47] Jing, B.Y. (1995). Two-sample empirical likelihood method. Statistics and Probability Letters, 24,
315-319.

[48] Chen, J., Sitter, R.R. (1999). A pseudo empirical likelihood approach to the effective use of auxil-

iary information in complex surveys. Statistica Sinica, 9, 385-406.

52



BOEHE, A, = FHRAEFRIRER, %R R ER R, RIE R
BE®EN 2, i AE %S 5300 B R1E I F 20 1R R R B

Hoe, RGN SITAER LI, Bitih 2D HLid X8t ad B o, AL
ZERFEID, WOASHESR, BRE, SRR THFZERNEANEN, A TERFZ
SIR5RK. BEMACU AR, £ AR, 11 BN TIRAE SR RASE, MIBKZE
UK ERRZEEREERZHER. BRRCNERE &L ERERF L HEME
B’ BERZIMUXHFNLART, ZRE R ZE. FRAFEE ISR W R
BREHFHIBLR.

HiR, BB EAEREER I F R AR RIS 5357, BHRITTAERR
HT REFRIFZ IR 2, BRifiBe BN E X ERREE, REEZMEALZPER
MERLHTIRRE R K, Bk B R T A& AE M RARE O AR OB A, X

B —E LREAS M AE L R A S R 5 B R 241D, 12 36 0T 5 U U o5 070 R AT et 6
EIAMEFE EME RS S HE. R OIREER, REFAT, ABH0, AR

Besh, BERWBEPFEA, BEENES ERRMIRER, BRI, EREER 5K
EHKTT R, R SRR RAERE LRRNE A, BREGE - M EERNHT,
MR EMMER, EHAL, FAALL, RRAH.

BE, WBMMEATZPIFEFEAXHER. ZMIIRRBRBE!
OE¥E
2020 £ 6 A

53



	摘要
	ABSTRACT
	文中符号说明
	第一章 绪论
	§1.1 研究背景及意义
	§1.2 论文创新点
	§1.3 主要内容及结构

	第二章 高维矩阵型数据的检验
	§2.1 模型介绍
	§2.2 主要结果
	§2.3 定理证明
	§2.4 数值研究

	第三章 两样本均值线性组合的检验
	§3.1 模型介绍
	§3.2 标准两样本经验似然方法
	§3.3 加权两样本经验似然方法
	§3.4 复杂调查数据的伪经验似然方法
	§3.5 带缺失数据的两样本经验似然
	§3.6 数值研究

	第四章 结论及展望
	参考文献
	致谢

