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Abstract

Statistical methods with empirical likelihood (EL) are appealing and effective especially
in conjunction with estimating equations through which useful data information can be adap-
tively and flexibly incorporated. It is also known in the literature that EL approaches encounter
difficulties when dealing with problems having high-dimensional model parameters and esti-
mating equations. To overcome the challenges, we begin our study with a careful investigation
on high-dimensional EL from a new scope targeting at estimating a high-dimensional sparse
model parameters. We show that the new scope provides an opportunity for relaxing the
stringent requirement on the dimensionality of the model parameter. Motivated by the new
scope, we then propose a new penalized EL by applying two penalty functions respectively reg-
ularizing the model parameters and the associated Lagrange multipliers in the optimizations
of EL. By penalizing the Lagrange multiplier to encourage its sparsity, we show that drastic
dimension reduction in the number of estimating equations can be effectively achieved with-
out compromising the validity and consistency of the resulting estimators. Most attractively,
such a reduction in dimensionality of estimating equations is actually equivalent to a selection
among those high-dimensional estimating equations, resulting in a highly parsimonious and
effective device for high-dimensional sparse model parameters. Allowing both the dimension-
alities of model parameters and estimating equations growing exponentially with the sample
size, our theory demonstrates that the estimator from our new penalized EL is sparse and con-
sistent with asymptotically normally distributed nonzero components. Numerical simulations
and a real data analysis show that the proposed penalized EL works promisingly.
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1 Introduction

Statistical approaches using estimating equations are widely applicable to solve a broad class of
practical problems. The most influential special cases of estimating equations include the funda-
mental maximum likelihood score equations and those from the popular generalized methods of
moments m, @) The approaches of using estimating equations are particularly appeal-
ing in practice with merits from requiring less stringent distributional assumptions on the data
model, yet being adaptable to flexibly incorporate suitable information and conditions extracted

from practical features in various scenarios of interests.

Empirical likelihood (EL, hereinafter) @, ) coupled with estimating equations has
been demonstrated successful since the seminal work of bmjmlﬁag (ILQM) It is particularly
appealing that the maximum EL estimator asymptotically achieves the semiparametric efficiency
bound (Ian_aﬂd_L@EL]ﬂELEJ |19_9_4I) The properties of EL are also desirable through some higher order
analyses (INeweV and Smithl m; k‘m&ﬂ, M, M) Moreover, the Wilks’ theorems

(IQ\A@ﬂ, M; Qin and Lawlgsg, M) for EL ensure that EL ratio is asymptotically central chi-

square distributed when evaluated at the truth. Hence, EL provides an analogous device to the

conventional fully parametric likelihood for statistical inferences, but without requiring a fully

parametric likelihood built upon more stringent distributional assumptions.

In recent years, high data dimensionality in practice has attracted increasing research attention
and brought unprecedented challenges to approaches based on estimating equations and EL. On
one hand, studies in |Chen Peng and Qinl Md), |Hiort McKeague and Van Kgilgggﬂ (Iﬁlod),

ttang_and_Lf_nQ (IZQld)7 [Lf_ng_am_i:amé (|2Qlﬂ), and bbam&_Qhﬁn_am_Qhﬁd (|2Q15i) reveal that

conventional asymptotic schemes and results for EL are expected to work only when both the

dimensionality of the parameter p and the number of the estimating equations r are growing at
some rate slower than the sample size n. On the other hand, however, challenges due to high-
dimensionality require a capacity to deal with cases where both p and r can be much larger than

n. (IZQld), |L_eug_aand_r.|:ané (|2Q]j), andbhang,ﬁb_eu_andﬁbﬂll (|2Qlfi) attempt to

utilize sparsity of the model parameters by applying penalty functions on those parameters. Their

results show that sparse estimators with good properties are achievable. However, the restriction

from the data dimensionality is not alleviated by using penalized EL in their works.

The challenges for EL from high data dimensionality are well documented in the literature,

and there are recent investigations on the remedies. ‘ @) found that for fixed n with mod-
erately large fixed p, the probability that the truth is contained in the EL based confidence region

can be substantially smaller than the nominal level, resulting in the under-coverage problem. As

remedies, [T'sao_and W]]I (IM, M) propose extended EL to address the under-coverage problems
due to the constraints on the parameter space. With a modification avoiding equality constraints,
[Bﬁmghmj (IZD_Oj ) propose a penalized EL method via optimizing products of probability weights
penalized by a loss function depending on the model parameter.

) propose a different type of loss from that in BaTLthQQJ (IJM) and study its properties

with high-dimensional model parameter and dependent data. To our best knowledge, no es-




timation problems have been investigated with the EL formulations of |Bal‘l’&]1]££j (IZDDj) and

Lahiri and M]]khgpadhyayl 121!12).

In this paper, from a new scope on investigating high-dimensional sparse model parameters, we

study the properties of EL by carefully examining the impacts from the data dimensionally, and
exploring the opportunity from targeting at the sparse model parameter. We find that consistently
estimating high-dimensional sparse model parameter by a penalized EL is feasible with fewer
number of estimating functions than the model parameter. Such an observation motivates us
to propose a new penalized EL approach to tackle high-dimensional statistical problems where
both the numbers of model parameters and estimating equations, p and r respectively, can grow
at an exponential rate of the sample size n. We solve the problem by employing two penalty
functions when constructing the EL with high-dimensional estimating equations. Specifically, the
first penalty function is on the magnitude of the model parameters with the goal to encourage
sparsity in the resulting estimator. Additionally, a second penalty function is imposed on the
Lagrange multiplier to encourage its sparsity when optimizing the EL evaluated at given values of
the parameters. We also observe that obtaining a sparse Lagrange multiplier in EL is equivalent to
reducing the dimensionality r via an effective selection among those estimating equations, which

itself is an interesting problem and a new scope; see our discussions in Sections [2] and

Here we note that the effect of the sparsity encouraging penalty on the Lagrange multiplier

relates to the methods for selecting moments in the GMM methods, a problem that has been

extensively studied in the econometrics literature; see, amon?{ others, bhmg_and_Llasl (IZQL%) and

reference therein. Recently, bhmg_and_msl (|2Q15i) and @

moment conditions for estimating a fixed dimensional model parameter. |Cheng and Liag (2015)

) study the problem with many

propose to treat the sample averages of the moment conditions as additional parameters to be
optimized, and to apply the L penalty on them to encourage sparsity so that effective moment

selection can be achieved. The role of the L penalty in their approach is seen similar to ours on the

Lagrange multiplier for the purpose of moment selection. In light of the Dantzig selector approach
of ICandes and Tad M),
constraints to inequality ones involving some regularization parameter, so that effective selection

of the moment conditions is also achieved. Nevertheless, none of bhmg_and_Llasl (|2Q15i) and IS__hj|

) investigates the impacts from diverging number of model parameters that potentially can

) propose a new EL formulation by relaxing the equality

be sparse.

Our investigation contributes to the area of EL with high-dimensional statistical problems
from a new scope. Our approach successfully extends the EL approach with estimating functions
to scenarios allowing both p and r growing exponentially with the sample size n. As shown in
Sections 2 and Bl new results for high-dimensional penalized EL are established, and many of
them are interesting in both areas of EL and estimating equations. Our analysis first reveals
a result of its own interests that substantially broadens the understanding of the relationship
between the number of estimating equations r and the number of model parameters p with
penalized EL. Surprisingly, we find that with an appropriate penalization, a consistent and sparse

estimator of the model parameter actually does not require r > p, thanks to the new scope



from estimating a sparse model parameter. In particular, we show that a sparse estimator with
s nonzero components for the p-dimensional parameter technically may only require that the
number of estimating equations r to be no less than s. Such a result crucially supports the
motivation in our new penalized EL approach for the second penalty function imposed on the
Lagrange multiplier to reduce the effective number of estimating equations actually involved
in the high-dimensional penalized EL. That is, the resulting sparse Lagrange multiplier from
the penalization is equivalent to a selection among available estimating equations for the model
parameters. Our theory shows that the penalized EL estimator is consistent and can estimate the
zero components of the model parameters as zero with probability tending to one. Additionally,

the nonzero components of the penalized EL estimator is asymptotically normally distributed.

The rest of this paper is organized as follows. The new scope with high-dimensional sparse
model parameter on EL and penalized EL is investigated in Section The new penalized EL
with an additional penalty function on the Lagrange multiplier and its properties for estimating
high-dimensional sparse model parameters are given in Section Bl An algorithm using coordinate
descent for solving the penalized EL is presented in Section[dl Numerical examples with simulated
and real data are shown in Section Some discussions are given in Section [6l All technical
details are provided in Section [[l The Supplementary Material contains more technical proofs of

the theoretical results.

2 Empirical likelihood and penalized empirical likelihood

2.1 An overview of empirical likelihood with diverging dimensionality

Let us define some notations first. For a g¢-dimensional vector a = (ai,...,aq)", let |alo =
maxi<k<q|ax|, |ali = S¢_, lax| and |als = (3°7_, a2)'/? be its Loo-norm, Li-norm, and Lo-norm,
respectively. For a ¢ x ¢ matrix M = (mjj)gxq, let |Mlloc = maxi<i<q Z‘; 1 mizl, (M2 =
A}Il/fX(MTM) and |[M||r = ( q] L m; )1/2 be the Lo-norm, Lo-norm and Frobenius-norm of M,

respectively.

Let Xq,...,X,, be d-dimensional independent and identically distributed generic observations
and @ = (01,...,0,)" be a p-dimensional parameter with support @. For an r-dimensional
estimating function g(X;0) = {¢91(X;0),...,¢.(X;0)}", the information for the model parameter

0 is collected by the unbiased moment condition
E{g(Xi;60)} =0, (2.1)

where 8y € O is the unknown truth. When the sample size n grows, followingm_Mcﬁea@wmmgd
M andbbang,,_C_hfm_ami_C_hfﬂ (IZD_IEJ the observations {g(X;;0)}; can be viewed as a tri-

angular array where r, p d, X 0 and g(X;0) may all depend on the sample size n. Following

the idea of EL (IQL@, 1 ), IQin_and Lawl QﬁA m ) investigate an EL with estimating

equations:
L(0) = sup { Hm cm >0, Zm =1, ng(Xi;G) = 0}. (2.2)
i=1 i=1

i=1




By maximizing L(6) with respect to 8, one obtains the so-called maximum EL estimator 0 =
arg maxgece L(0). Maximizing ([Z2) can be carried out equivalently by solving the corresponding
dual problem, implying

o~

n
0 = argmin max log{1+ A\"g(X;;0)}, (2.3)
0co AeT\n(e); '
where A, (0) = {A € R" : A"g(X;;0) € V, i = 1,...,n} for 8 € © and V is an open interval
containing zero.
In a conventional setting when p and r are fixed as n — oo, r > p is required to ensure

that all components of @ are identifiable. In high-dimensional cases, however, it is documented

in the literature that accommodating a diverging r is a key difficulty for EL; see, among others,

ue and Van Keilego ), i ) )
and bbamg,_Qh&u_aJ]d_C_h&d ). The reason is that the Lagrange multiplier A € R" in (23]

is of the same high dimensionality r. Since ||z is required to be 0,(1) in theoretical analyses of

EL, high-dimensional r is clearly cumbersome. A direct consequence is that dimensionality p and

r for EL in (Z2]) can only be accommodated at some polynomial rate of the sample size n .

To explore EL with high-dimensional statistical problems, let us begin with elucidating their
impacts on the EL estimator synthetically from the sample size n, the number of estimating
functions r, and the dimensionality of the model parameter p. We first present a general result

for the maximum EL estimator 8 with r estimating equations.

Proposition 1. Assume that there exist uniform constants C1 > 0, Co > 1 and v > 2 such that

max E{ sup |g;(Xi; 0)|7} < (1, (2.4)
1<j<r e

and

1 n
—1 < . . - . . T
]P)|:02 < jnf Amln{n E_l g(Xi; 0)g(X; 0) }
i= (2.5)

1 n
< sup )\max{_ Zg(Xz'; 9)g(Xz~;0)T} < Cz} — 1.
6cO ni

~

If r = o(nY21), then 0 defined in E3) satisfics |g(8)]2 = O,(r'?n=12) where g(0) =
nt 38X 0).

Conditions for Proposition[Ilare conventional ones and are mild. The requirement (Z4]) ensures
that some moments with order larger than 2 exist for the estimating functions, and (23] says that
the sample covariance matrices of the estimating functions should behave reasonably well. Con-

sistent with the finding in [Hjort, McKeague and Van Keilegom (IﬂKld) and |Chen, Peng and Qi

), the higher the order of the moment + is, the more estimating functions can be accommo-

dated. When the estimating functions are bounded, v = oo, r is allowed to be o(n'/?).

The key implication of Proposition [Il is that the sample mean of the estimating functions is

well behaving, regardless the dimensionality of the model parameter p is. That is, with r unbiased



estimating functions, the optimum ]g(a)lg is Op(rl/ 2n~1/2). Hence the impact on the behavior of

the estimating function is the dimensionality r, which cannot grow faster than n'/2 as n — occ.

Clearly, the impact from p on the maximum EL estimator is on the identifiability of the model
parameter. That is, 9 in [23)) is not uniquely defined when r < p with no further constraints,
rendering ambiguity and inapplicability of the EL methods for estimating high-dimensional model
parameters. An example of the situation is that the identifiability issue happens in the classical
linear models when the model matrix is not of full rank, so that the minimum of the least squares
criterion function well exists but the ordinary least squares estimator is not uniquely defined in

that case.

To solve the problem, our next objective is to illustrate that identifying a sparse p-dimensional

model parameter is still feasible.
2.2 High-dimensional sparse model parameter

The intuition here is that if one concerns instead a high-dimensional sparse model parameter 6
such that most of its components are zeros, then identification and estimation of such a model pa-
rameter are feasible with fewer estimating functions by EL with appropriate penalization. Specif-
ically, we write 8y = (67,...,09)" and let S = {1 < k < p : 0] # 0} with s = [S|. Here S
is an unknown set, and the number of nonzero components s is much smaller than p. Without
loss of generality, we let 6 = (0 5,00 s-)" where 8y s € R® being the nonzero components and
0p.sc = 0 € RP™%. For identification of the sparse model parameter, we impose the following

condition.

Condition 1. Assume that

inf [E{g(Xi;0)}oo = Ale) (2.6)
0c{0=(0%,05.)T€®:|05—00 5|00 >c,05c=0}
for any ¢ > 0, where A(:) is a positive function satisfying liminf._,o+ e #A(e) > K for some
uniform constants K; > 0 and 5 > 0.

The identification condition (2.6]) can be viewed as a dedicated one for estimating sparse model
parameters. Condition [Il is not stringent, and it ensures identifying the nonzero components

of @ locally. Studying local optimums in high-dimensional statistical problems is common in

the literature with reasonable technical conditions; see, for example, |LsLa11d_Ea1]| (|2_OD_d) and
M) Condition [Il means that the mean values of the estimating functions at the truth
adequately differ from those outside a small neighborhood of the sparse support of 8,. Here
[ is some generic constant related to the consistency result in Proposition 2l For estimating a
high-dimensional mean parameter with g(X;0) = X — 0, we can choose A(e) = ¢ and f =1
in Condition [[I For linear regression model, g(X;0) = Z(Y — Z"0) with Z and Y being the
covariates and response variable respectively, and X = (Y, Z™)", we can select A(e) = 6||E£15|| o
in Condition [l where Xz s = E(ZsZg). More generally, if there is a subset £ C {1,...,r}
with |€] = s and [E{Vg.ge(Xi;0)}] 7! exists where ge(-) collects the set of estimating functions



indexed by &, then we can select A(e) = 5infee{ez(eg,egc)T:esczo} I[E{Vesge(Xi;0)} Yt in
Condition [l Intuitively, Condition [l ensures the identifiability of the s nonzero components of
0y so that a consistent sparse estimator is possible as n — oo, provided r > s, r1/2n=1/2 — 0,

and conditions in Proposition
As a special case when S¢ is empty, Condition [I] for identification becomes a global one for a
dense model parameter 0:

inf E{g(X;;0)} o > Ale), 2.7
06{06@:1\3—00\00>s}‘ {g(Xi;0)}] (e) (2.7)

where A(-) is a positive function satisfying lim inf._,o+ e #A(e) > K for some uniform constants
K; > 0 and g > 0. Similar global identification conditions can be found in M) and
Chen and PQ]]Zd (2!!15) for some other models.

To estimate a sparse model parameter with unknown zero components, we consider a penalized

EL estimator as

n p
6, = argmin max [ log{1+ AX"g(X;;0)} +n > P (|0 } 2.8
=gy moe | D Slog(1+ X'g(X:0)} + ) Pi(0h) (28)
where @ = (61,...,0,)", and P (-) is a penalty function with tuning parameter 7. For any

penalty function P,(-) with tuning parameter 7, let p(t;7) = 77 'P,(t) for any ¢ € [0,00) and

7 € (0,00). We assume the penalty function P; .(-) belongs to the following class as considered

in ):

P = {P;() : p(t;7) is increasing in ¢ € [0,00) and has continuous derivative p(t;7) for (2.9)
t € (0,00) with p/(07;7) € (0,00), where p/(0";7) is independent of 7}. .

The class of penalty function by (2.9]) is broad and general. The commonly used L; penalty,
(-,

SCAD penalty Mﬁ, M) and MCP penalty ) all belong to the class P. For

establishing the consistency of 5n, we also assume the following condition.

Condition 2. The function g;(X;0) is continuously differentiable with respect to 8 € © for any
X and j =1,...,r satisfying the conditions

dg;(X4;0)
E 2= 7 < K. 2.10
e P | B a0

for some uniform constant Ko > 0, and

1~ ]0g;(X50)\
s | ) = e e

holds for some ¢,, > 0, which may diverge with n.

Condition 2] is on the continuity of the estimating function with respect to 8. Typically,
smooth estimating functions can be assumed to have bounded derivatives so that Condition [2]is

easily satisfied. At the sample level, considering the high-dimensionality of the problem, we can



accommodate diverging ¢, in (2II]) so that our results hold in broad situations. If there exist
envelop functions B, j;(-) such that |0¢;(X;0)/00i| < By, jx(X) for any 6 € ©, j =1,...,r and
k¢S, and [E{B)"(X;)}] < Km!H™ 2 foranym >2andj = 1,...,rand k ¢ S, where K and H
are two uniform positive constants independent of j and k. Then by Theorem 2.8 of )
we Know sup;<;<, Supy¢s n~I3 | B k(X)) = O,(1) provided that max{logr,logp} = o(n).
Therefore, (2.1I1]) holds with ¢,, = 1, accommodating exponentially growing dimensionality r and
p. Since the identifiability condition (2.6 only provides a lower bound for the difference between
|E{g(Xi;0)}|c and 0 when 6 = (05,0%.)" satisfying |65 — 0 s|c > € and Osc = 0, we make use
of (ZI0)) to derive a lower bound for |[E{g(X;;0)}|occ when 8 = (05, 605.)" satisfies Ose # 0 but
|@sc|1 is small, and then 6 is a local minimizer for |[E{g(X;;0)}|e. For special case with linear

models, Condition ([2I0) becomes one similar to the well known crucial irrepresentable condition

, |20Dj) for sparse linear regression at the population level. We have the following
proposition on the properties of the penalized EL estimator (2.8]).

Proposition 2. Let P (-) € P for P defined in 29). Define a,, = > v_, Pi.-(|6}]) and b, =
max{rn=!, a,}. Assume that Z4), @35), Conditions D and B hold. Suppose that

max sup P (t) = O(xn) (2.12)
kes 0<t<|69|+cn

for some xn, = 0 and ¢, — 0 with bi/(w)c;l — 0. If r = o(n'/2=1/7), max{bn,rsxnbi/(zﬁ)} =
o(n=2/") and /%y, max{rl/zn_l/z,31/2)(%/2671/(46)} = o(m), then there exists a local minimizer

6., € © for [ZR) such that |5n3 —0p.5|0 = p{b%/(w)} and P(bn,gc =0)—1asn— oo.

In Proposition 2 a,, depends on the truth of the model parameter and the tuning parameter 7
in the penalty function. For a typical penalty function belonging to (2.9) and a model parameter
with s nonzero components, it is the case that a, = O(sm) — 0 as n — oo. Requirements
on the first derivative of the penalty function via y, is to control the bias introduced by the
penalty function P; () on 6,,. See (Z3) in Section for details. If we propose the condition
bn = o(minges [#9/%%) on the magnitudes of the nonzero components of 8y, ([Z.12)) can be replaced
by

max sup P[ . (t) = O(xn) (2.13)
RES |99 <t<c—169|

for some constant ¢ € (0,1). For those asymptotically unbiased penalty functions like SCAD
and MCP, x,, is exactly 0 in (ZI3)) for n sufficiently large provided that the nonzero components
of 8y are not too small in the sense that the signal strength does not diminish to zero too
fast, i.e. b, = o(minges|09%?); see also [Ean_aild_LJI (IZDQ]J) Hence, if § = 1 in Condition [IJ,
|5n73 — 00,500 = Op(b%/2) — 0 as n — oco. Further, if 7 is chosen as O{(n~'logp)'/?}, a common

one in the literature, then |5n3 — 005l = Op{s"?(n"'logp)'/*}, providing a conservative

convergence rate of the estimator 6,, s.
Let F,(0) = max, g n~tY log{l 4+ X"g(Xi;0)} + >h_, Pix(|6k]). The rationale of
Proposition [ is that for 8 = (05, 05.)" in a small neighborhood of 6 such that |0s — 6 s|ec >

e, takes value departing from 6y, i.e., A(ey,) decays to zero at some slow enough rate, F),(0)



takes a value larger than &, F,,(8g) for some diverging &, with probability tending to 1; see also

Chang, Tang and W]1| 12!!13, 2!!1d) for such a phenomenon of EL. Then with the penalty function

encouraging sparsity of En, we are able to establish the consistency of the penalized EL estimator

for a sparse model parameter.

Our Proposition 2] shows that the penalized EL can consistently estimate a high-dimensional
model parameter with p growing exponentially with n provided b,, — 0, though the requirement
on r remains in a way such that r = o(n'/?). The development of Proposition Bis fundamentally
facilitated by our motivation: to estimate a high-dimensional sparse model parameter. With
the new identification condition (2.6]), sparse and consistent estimator can be obtained by using
penalized EL. The intuition of our results is clear: to identify s nonzero components of a sparse
p-dimensional model parameter, one essentially requires r (r > s) informative estimating func-
tions for those s components. The practical interpretation is also clear: given fewer estimating

functions than the model parameters, a reasonable direction is to identify and estimate a sparse

model parameter. Such an observation is consistent with the ones found in
) for high-dimensional instrumental variables regression with endogenity where the number

of instrumental variables may be less than the model parameters in the regression problems.

3 A new penalized empirical likelihood

With the penalized EL estimator 0, in ([2:8]) capable of handling high-dimensional model param-
eter with fewer number of estimating functions, our next goal is to accommodate a more general
situation: allowing both r and p to grow exponentially with n. For such a purpose, we propose

to update the penalized EL estimator with an extra penalty encouraging sparsity in A:

~

n r P
6, = argmin max [ log{1+ ATg(Xi;0)} —n 3 Pa(Iny]) +nZP1,W<|ek|>] (3.1)
€0 xehn(0) L j=1 k=1
where 6 = (61,...,0,)", A = (A1,...,A\)", and Py -(-) and P, (-) are two penalty functions
with tuning parameters m and v, respectively. Our motivation is that with appropriately chosen
penalty function P, ,(-) and tuning parameter v, the estimator 5n is associated with a sparse
Lagrange multiplier A. Since sparse A effectively uses a subset of the estimating functions g(-;-),
r itself can be allowed to be large as long as the number of nonzero components in A is small,
essentially satisfying the requirement in Proposition 2l Hence, one expects analogous properties
of (B to those in Proposition [2, but now being capable of accommodating high-dimensional p

and r simultaneously.

Not surprisingly, involving the penalty P, (-) makes the technical analysis much more chal-

lenging, especially when we are handling exponentially diverging p and r with n — co. For 8 € ©®



and A € KH(G), we define
1 & .
FA:0) = =3 log{l+A"g(Xi:0)} = > Pau(I\j]),
i=1 j=1

P
Sn(0) = max f(X;0)+ > Pia(|6kl):
AR, (0) —

Here f(A;0) is a function of X upon given 6. Let :\\(0) = argmaxy .z o) f(A;0) be the Lagrange
multiplier defined at @ € ©. For any subset A C {1,...,7}, we denote by g4(X;; 8) the subvector
of g(X;;0) with components indexed by A. We write g4(0) = n=1 > 1| ga(X;;6), \AfA(O) =
Y ga(Xi;0)ga(Xi;0)T and V 4(0) = E{ga(Xi;0)ga(X;0)"}. For any 0 € © and j =
1,...,r, define g;(0) = n=t>"  g;(X;;0). We first characterize the properties of 3\(0) for 6
near the truth @g. To do this, we assume the following condition for the existence of higher
order moments, a similar one to the common technical conditions on the tail probability in high-

dimensional statistical analysis.

Condition 3. There exist some K3 > 0 and v > 4 such that

(X0 < K.
s pplocsorf < x

Let po(t;v) = v 1P, (t). We also take P, (+) € P for P defined in (29, so that p5(0F;v) is
independent of v. We write it as p,(0") for simplicity and define Mg = {1 < j < r: |g;(0)] >
vphy(01)} for any 6 € ©. Proposition Bl below shows that for any 6 near the truth 6y, the support
of the Lagrange multiplier X(O) is a subset of Mg with probability approaching one.

Proposition 3. Let {0,,} be a sequence in ©® and P, ,(-) € P be a convex function for P defined
in @9). For some C € (0,1), define My = {1 < j <7 :g;(0n)] > Crph(0T)}. Assume
ConditionBl hold. Further, for the sequence {0, }, we assume that the eigenvalues of\AfMgn (0,) are
uniformly bounded away from zero and infinity with probability approaching one, and |g Mo, (On) —
vph(07)sgn{gm,, (On)}2 = Op(un) for some u, — 0. Let maxi<j<,n™ ' 37 |g;(Xi;0,)° =

Op(sn) for some g, > 0 that may diverge with n. If my *ung, = o(v) and my Punnt/n = o(1)

where m,, = |Mzn|, then with probability approaching one there exists a sparse local mazimizer
6, = (/)\\ml,...,xn,r)T for f(X;8,) satisfying the three results: (i) |A(6,)]2 = Op(uy,), (ii)
supp{A(8,,)} C Mg, and (iii) sgn(/)\\nvj) =sgn{g;(6,)} for any j € Mg, with Xn,j # 0.

Conditions in Proposition Bl play roles from a few aspects. First, the sequence {6,} can be
taken as one that approaches the truth 6y as n — oco. Then g, (0,) will be small when
n is large. As shown in the proof, vp5(0")sgn{ga,, (0,)} is the asymptotically leading term of
gMe,, (0n). Thereason is that the tuning parameter v typically diminishes to 0 at some slower rate

than n—1/2

, 50 that vph (07 )sgn{ga,, (0r)} leads to a non-negligible contribution in the limiting
distribution of 5n, and our analysis shows that it leads to a correctable bias term in 5n Upon
removing the leading order term, we assume that (g, (6n) —vp5(0" )sgn{gat,, (0n)}2 = Op(un)

with u,, — 0, which is a condition that can be easily satisfied. Requirement on the eigenvalues



of V Me, (0n) is natural so that we can characterize the limiting behavior of the estimator 0.,
Furthermore, m,, is taken to be an upper bound of the size of Mg, , the generic description such
as m,l/ PUnn = o(v) and m,l/ Jupnl/v = o(1) can be viewed as characterizing the capacity of the
penalized EL under which it is reliable for consistent estimators, depending on the behavior of

the estimating function g(-;-) on its continuity and tail probabilistic properties.

Proposition Blimplies that when 6 is approaching 6y, the sparse A in ([B) effectively conducts
a moments selection by choosing the estimating functions in a way that g;(0) has large absolute
deviation from 0. Let 11;(0) = E{g;(X;;0)}, then we know that u;(6) = 0 and g;(8) — 1;(0) in
probability as n — oo. If we take @ to be in the neighborhood of 8, then the first order Taylor
expansion gives that 11;(0) = p;(0) — pj(60) = {Veu;(0%)}" (6 — 6y) for some 8" between 6 and
6. Hence, those components of the estimating functions with large magnitude in the derivative of
their expected value with respect to 8 will be selected. Since larger derivative indicates a steeper
direction towards the truth 6y, making it easier and more informative to find the optimum.
Therefore, selecting components in My is seen sensible. However, we note that without further
strong and likely to be unrealistic conditions on the shape of the estimating functions, Mg cannot
be controlled as a fixed set even at the limiting case when n — oo, so that it will depend on the
value of the parameter 6. Instead of requiring that Mg to be fixed, we show in the following
that for any choice of its subset satisfying some reasonable conditions, the resulting penalized EL

estimator is consistent and asymptotically normally distributed.

Let

by = - max |Ma| (3.2)
06{0:(037056)T€®:‘08—00,S loo<cn,05c=0}

26 )c; 1 — 0 where b, is more clearly specified in Condition [ below.

for some ¢, — 0 satisfying b,ll/
Based on Proposition [B, we know the support of Lagrange multiplier X(O) is a subset of Mg
with probability approaching one when 6 is in a small neighborhood of 8. Here /,, is a technical
device controlling the maximum number of effective estimating functions when applying the new
penalized EL, and it can be viewed as a cap of the r in Proposition 2. Though /¢, is a technical
device, we remark that, practically, one can always achieve the control of the nonzero components

of X by appropriately choosing the tuning parameter v.

To establish the consistency of the penalized EL estimator 6,, defined in 1)), we need the
following extra regularity conditions on the continuity and probabilistic behavior of the estimating

functions.

Condition 4. There exist uniform constants 0 < K; < Kj such that Ky < Anin{V#(09)} <
Amax{Vr(00)} < K5 for any F C {1,...,r} with |F| < {,, where ¢, is defined in (32).
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Condition 5. Assume that

1 - 89](X2,0) 2 .

gup s | 2|2 | = 0p60
1 L 8QJ(XZ,0) 2 o

sup o e {1 5| 2000 0, )

1 vl
sSup max {;;‘g](xwg)’ } = Op(0n)

0c® 1<j=<r

for some &, > 0, w, > 0 and g, > 0 that may diverge with n.

Condition 6. Let b, = max{a,,?*} with a, = > 7_, P1 =(|69]). There exist x,, — 0 and ¢, — 0

with brll/(%)c;l — 0 for 8 defined in Condition [[such that maxyes SUD) <1< (69| +cp P[ . (t) = O(xn)-

Here ConditionMlis actually a weaker one than that in (2.5]) in the sense that it only requires the
population covariance matrices of subsets of estimating functions need to well behave at the truth
6. The first two bounds in Condition [5] are used to characterize the behavior of the eigenvalues
of V #(0) when 0 in a small neighborhood of 8; see Lemma [I in Section [[4l We do not impose
explicit rate on &,, wy, and g,, so that the conditions are generally not restrictive. Similar to
our earlier discussion for ¢, in (2.I1]) in Condition [2 we can actually choose &, = w, = 0, =1
under some additional mild conditions provided that max{logr,logp} = o(n). Condition [0 is
similar to (2I2) in Proposition 2] with a differently defined b,,. Similar to that in Proposition
2 Condition [0 can be replaced by (2.13]) if the minimal signal strength condition is satisfied for
appropriately chosen tuning parameter 7. Then y,, = 0 when n is large for those asymptotically
unbiased penalty functions like SCAD and MCP.

We now present the following theorem for the consistency of En

Theorem 1. Let Pi (-), P2, (-) € P for P defined in 29), and P> ,(-) be a convex function with
bounded second derivative around 0. Assume Conditions IHBl hold. Let b, = max{a,,v?} with
an =Y 01 Pix(169)), and K, = max{ﬁ%/zn_lﬂ,sl/zxi/zb%/(w)}. Iflogr = o(n'/?), 0, = o(n?),
$20p bt/ = o(1), n~to,logr = o(1), max{b,,l,x2} = o(n=2/7), 0?0 P, = o(v) and
02el)? max{@ny,slﬂxiﬂb,l/(w)} = o(n), then there exists a local minimizer 8,, € © for B1)

~

such that |5n3 —0p5|00 = Op{bi/(%)} and P(0,, sc =0) — 1 as n — oo.

Theorem [I] establishes the consistency of 5n in the sense that |§n — 00|00 L, 0. The con-

,1/ 26 )} is a conservative one before we establish the asymptotic normality

vergence rate Op{b
of the penalized EL estimator 5n,5 later. Under additional regularity conditions, such a rate
can be improved as Op(v). Results in Theorem [ holds for broad situations accommodat-
ing various cases of the estimating functions. In reasonable cases that we discussed earlier,
Xn = 0 and &, = w, = 0, = 1. Theorem [ holds provided that logr = o(n1/3), l, =
o(min{n/2(log r)~1/2, n1/2=17}), a, = o(min{s2%¢,” n=2/7}), and the tuning parameters v
and 7 satisfy £,n"1% = o(v), v = o(min{s‘ﬁﬁﬁﬁ/z,n_l/“/}) and 62/%y = o(m). Noticing that

11



an < s, by choosing 7 = o(min{s~2#=14,7 s~ 1n=2/7}) can ensure the consistency result. Ad-
ditionally, we note that s < £,. Thus by letting logr =< n” and ¢, =< n® for some 7 € [0, %)
and § € [0, min{“’—_‘l,ﬁ}), 6, satisfies Theorem Mif v < n7% and 7 < n~% with ¢; €

(max{?’ﬁé 1} 5 —0) and ¢2 € (max{(35 + 1)J, + 3}, ¢1 — 32), which are reasonable choices for

the tuning parameters.

To further establishing the limiting distribution of 5,%5, we need the following two additional

conditions.

Condition 7. For each j =1,...,p, g;(X;80) is twice continuously differentiable with respect to
6 in © for any X, and

?g;(X:;0)?
D61, 901,

Sup max max —
0c@ 1<j<r k1 ,k2eS

b =0,

for some w,, > 0 that may diverge with n.

Condition 8. Let Qr = [E{Vg,87(X;;00)}"[E{Ves87r(X;;00)}] for any F C {1,...,7}. There
exist uniform constants 0 < Kg < K7 such that K¢ < Apin(Qr) < Aax(Qr) < K7 for any F
with s < |F| < 4,,.

Following similar discussion for Condition [B] zo,, = 1 in Condition [ for reasonable models in
practice. Let R,, = Supp{)\( n)} and define

IR, = {Vos&r, (0.)} V! (0,){VesEr, (n)},

Lo (1, gr, (XiiBy) } v
— IV 6, Tvlen{—E T o[
YR, = Iz, (Vos8R, (0n)) Vi, (On) niS T4+ A0n)78(Xi;0n)

We have the following limiting distribution for 5n,3.

Theorem 2. Let P ;(-),P,(-) € P for P defined in [29), and P, (-) be a convex function
with bounded second derivative around 0. Assume Conditions [HS hold. Let b, = max{a,,v?}
with a, = Y 4_ Pi<(|6Y]), and K, = max{€1/2 —1/2 g1/2 1/21)1/(45 b Iflogr = o(n'/3), 0, =
o(n?), by, = o(n=2/7), nsx? = o(1), 20y /2 (log r) max{s?(wy, + sy, VP n- Yswp + lhon)logr} =
o(1), nlprt max{sw,,n*7} = o(1), nl,s*w, max{(2v? s> X%b}/ﬁ} = o(1), Ei/zg}/%{n = o(v)
and E,l/2£71/2 max{/,v, 81/2X711/2bi/(45)} = o(m), then local minimizer 0, c0O for BI) specified in
Theorem [ satisfies

n2ar T 005 — 005 — Pr,) S N(0,1) (3.4)

as n — oo, where Jg, and 'l,bRn are defined in ([B.3]).
Theorem 2] shows that subject to a bias correction, the penalized EL estimator for nonzero
components is asymptotically normal in the sense of ([8.4]). The bias term ‘Z’Rn in (34) is due to

the penalty function P, (-) used in (BI]); see also our discussion after the Proposition Bl Write
X(é ) = ()\1, cee )\T)T. Furthermore, as shown in (Z.I0) in Section [7} the correctable bias term

12



is P, = Jz! {Vosgr, (0:)} V! (Bn)iix, where §j = (@1,....7,)" with 7 = voh([X;]:v)sen(}))
for \; # 0 and 7); € [—vph(07),vph(0F)] for \; = 0.

Similar to that in Theorem [I, with reasonable cases x, = 0 and &, = w, = 0n, = @, = 1, de-
scriptions on the dimensionality in Theorem 2] can be simplified. If ¢, < s, Theorem 2l holds pro-
vided that logr = o(n'/?), s = o(min{n'/3(logr)=%/3,n!/(108+7) (1og y)=28/(10B+T) ' (y=4)/(T1)}),
and v and 7 satisfying sn~'/2 = o(v), v = o(min{n =7, 5728/ (log r)=B/2 n=1/4s75/1}), s3/21 =

o(r) and 7 = o(min{n=2/7s~1 57581 (logr)~F}).

Generally speaking, conditions in Theorem [l is stronger than those in Theorem [, which can
be viewed as the expense for the stronger asymptotic normality results. In summary, we have
established that the sparse penalized EL estimator (B3.I]) has desirable properties including consis-
tency in estimating nonzero components and identifying zero components of 6y, and asymptotic

normality for the estimator of the nonzero components of 8.

4 Algorithms for implementations

For ease and stability in implementations, we calculate the penalized EL estimator En by mini-

mizing the following slightly modified objective function:

~

n r p
0, = arg géig}\njl\w((e) [Zlog*{l +XTg(Xi:0)} —n Y P () +n) Plﬂr(\eky)} . (4)
EAn i=1 j=1 k=1

where log, (z) is a twice differentiable pseudo-logarithm function with bounded support adopted
from (é!)()l

):

log(z) if z> ¢
log, (2) = 9 9 . ’ (4’2)
log(e) — 1.5+ 2z/e — 2°/(2¢”) if z <g¢
where € is chosen as 1/n in our implementations. Here P; .(-) and P ,(-) are two penalty func-
tions with tuning parameters m and v, respectively. In the optimization, we apply the quadratic

approximation (Fan and LJ’, M) to the penalty functions P; .(-) and P, (-). More specifically,
for a penalty function P.(-), the quadratic approximation states

1 P([to])
2 [to]

Pr(|t]) = Pr(Jto]) + (t* —13) (4.3)

for ¢ being in a small neighborhood of ¢g. The first and second derivatives are approximated by

P/(|to]) PL(|to])
lto to]

The computation of EL is a challenging aspect, especially with high-dimensional p and r. To

PL(Jt]) ~ ¢ and PL(t]) ~

compute the penalized EL estimator 0, we propose to apply a modified two-layer coordinate

decent algorithm extending the one in [Tang and W]]I 2014). The inner layer of the algorithm
solves for A with given € by maximizing f(A; @) as given in Section Bl This layer only involves

maximizing a concave function, and hence is stable. The outer layer of the algorithm searches
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for the optimizer §n Both layers can be solved using coordinate descent by cycling through and

updating each of the coordinates; see [Tang and Wu (2!!14).

In the inner layer, A is solved at a given 8, which can be done by optimizing (A1) with respect

~(0
to A using coordinate descent. Suppose that A starts at an initial value )\( ). With the other
coordinates fixed, the (m + 1)th Newton’s update for A\; (j = 1,...,r), the jth component of A,

is given by

SomtD) _jom) i1 log) (t"™)g;(X::0) — n P}, ([]A™))
i TN

t L (4.4)
S 1og! (177 g5 (X4 0)12 — nPy, (V)

(m) 3 (m)

where tl(-m) =14 g(Xi;0)™ X" with A = (X&m), . ,X,(J”))T. The procedure cycles through
all the r components of A and is repeated until convergence. During this process, the objective
function needs to be checked to ensure it gets optimized in each step. If not, the step size continues
to be halved until the objective function gets driven in the right direction. The iterative updating

procedure ({4 can be viewed as sequential univariate optimizations. The convergence rate and
stability are studies in the optimization literature; see for example |[Friedman et alJ M) and

nd Lan M)

The outer layer of the algorithm is to optimize (A1) with respect to the parameter 8, the main
interest of the penalized EL, using the coordinate descent algorithm. At a given A, the algorithm
updates 6y (k= 1,...,p), by minimizing S,,(0) defined in Section B with respect to 0; with other
0; (I # k) fixed. Suppose that @ starts at an initial value 5(0). The (m + 1)th update for 6y is
given by

Font ) _ gim) _ Zi loei( i + Pl () @3
k k m m m ! :
S flog! (™) w12 4 logh (™) 25"] + Py (187™))

(m)

where 5™ = 1+ ATg(X;8""), w(™ = AT9g(X;8"")/06; and 2 = AT%g(X;;8"")/06?

with é(m) = (91m), ... ,Hpm))T. Since quadratlc approximations are applied in the algorithms, we
follow ) and set a component ’)\\gm) or @\ém) as zero when it is less than a threshold

level say 1072 in an iteration.

We summarize the computation procedure for @ and A in the following pseudo-code. Suppose

€ is a pre-defined small number, say, £ = 1074,
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~(0 ~(0
1. Set the iteration counter m = 0, and initialize 0( ) and )\( );

2. Define the g(X;;0) function;
3. (Outer layer) For k =1,...,p,

(a) Calculate §](€m+1) as in ([@0);
(b) (Inner layer) For j = 1,...,r, update Xgm) as /)\\g-mﬂ) defined in

(@A)
4. If max;i<g<p |§§€m+1) — %m)| < &, then stop;

5. Otherwise repeat steps 3 through 4.

5 Numerical examples

5.1 Estimating high-dimensional mean parameter

The first simulation study is to calculate the mean of a multivariate normal distribution in RP.
Let X = (X1,...,X,)" ~ N(60p,X). Suppose only three elements, X, X, and X5, have nonzero
means and the rest p—3 elements have zero means, i.e., 8y = (5,4,0,0,1,0,...,0)". The covariance
matrix 3 = (0p)pxp is set as opp = 1 for each k = 1,...,p and o = 0.9 for any k # [. The
estimating function is simply g(X;6) = X — 6. In this case, the number of parameters p is equal
to the number of estimating equations r. We consider the underdetermined case where p = r > n.
We generate 100 random samples. The SCAD penalty (I.&n_and_LjI, |ZDQ].|) is used for both the
penalty functions P (-) and P5,(-) in BI) for all the numerical experiments in this paper.

Since local quadratic approximation is applied in the algorithms, the convexity requirements of

the results in Sections [2] and Bl are met.

Table [[l summarizes the results for (n,p) = (50, 100), (100, 200), and (100, 500). The proposed
penalized EL with two penalties (namely, PEL2) is compared to the single penalty approach

(PEL) discussed in ). Three information criteria for choosing the tuning

arameters m and v in the penalty functions — BIC , @), BICC Mﬂé,

), and EBIC (IQM_CM, M) — are used. In general, all the three BIC-type criteria
work similarly, with the latter two yield slightly fewer nonzero parameters. The results from MLE

for all p variables and the three true variables (i.e., MLE-Oracle) are also reported. The column of
0 onzero reports the average number of selected nonzero components. The column of @, reports
the average number of true nonzero components that are selected. The difference is the average
number of false predictors that get selected. The next column reports the model error (ME),
which is defined by ME = (5 — G)T(a — 0) for a given estimator 6. A smaller ME means a better

estimation and prediction. The last column reports the number of selected estimating equations.
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Obviously, in the single penalty approach, all equating equations are used since no selection is

performed. In each cell, standard error appears in the parentheses.

It is clear from the table that the double-penalty approach outperforms the single-penalty
approach, as expected. A much smaller subset of variables get selected with almost all the three
true predictors identified by the double-penalty method. That says, the double-penalty approach
yields lower false positives and higher true positives. While in the single-penalty approach, fewer
true predictors are chosen in the larger set of selected variables or nothing can be picked out
if p > n. What is the most interesting is that a small number (on average 5-8) of estimating
equations are selected in the double-penalty approach. As a result, the double-penalty method
yields a much smaller ME than the single-penalty method.

5.2 Linear regression

In this simulation study, we consider a linear regression model Y; = Z!0y + ¢;, where 6y =
(3,1.5,0,0,2,0,...,0)", Z; € RP are generated from N(0,X) with o, = 1 for any £k = 1,...,p
and oy, = 0.5 for any k # [, where 3 = (041)pxp, and ¢; is a standard normal distributed random
variable. Write X; = (Y;,Z])". The estimating function is g(X;0) = Z(Y — Z"0) with p = r.
The model error (ME) in the regression setting is defined by ME = (5 — 0)TE(§ —0) for a

given estimator 0. Table reports the results for (n,p,r) = (50,100, 100), (100, 200, 200), and
(100, 500,500) with the columns defined in the same way as those in Table [[l Similar to the

previous example, the single-penalty approach (PEL) of hbmg_and_Lﬁné (|2_Qld) is compared with
the double-penalty approach (PEL2) together with the three BIC criteria for selecting the tuning

parameter(s). We also compare our method with the LASSO method with L; penalty. Since
the number of parameters p doubles the number of subjects n, the MLE method does not work
in this example. We only report the results from MLE-Oracle (i.e., the MLE method using the
true predictors), which gives the smallest model error. In all the three settings, the single-penalty
method fails to select any predictor when using all 7 estimating equations. The double-penalty
method identifies all true predictors from a handful of selected ones in most cases by using only
a few estimating equations. With the default tuning parameter selection method in the LASSO,
we clearly see that the number of false inclusion of the predictors is high. Hence, compared with

LASSO method, we observe that our method has better performance in recovering a sparse model.

5.3 Regression model with repeated measures

This is an example with more estimating equations than the number of parameters, i.e., r > p.
Now we consider a repeated measures model such that y;; = ziTjOO +e; =1,...,m7 =1,2),
where 6y = (3,1.5,0,0,2,0,...,0)" € RP, z;; are generated from N(0,3) with oy = 0.5+
where 3 = (04)pxp. The random errors (€;1,€;2)" are generated from a two-dimensional normal
distribution with mean zero and unit marginal compound symmetry covariance matrix with p =
0.7.
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(n,p, 1) Method 01 onzeros 0o ME No. EE’s
(50,100,200)  MLE-Oracle 3 (0) NA 0.062 (0.009) NA
MLE 100 (0) 3 (0) 2.096 (0.287) NA
PEL-BIC 24.06 (4.13)  0.72 (0.12)  33.276 (1.507) 100 (0)
PEL-BICC  23.15 (4.08)  0.69 (0.12) 33.635 (1.483) 100 (0)
PEL-EBIC  23.15 (4.08)  0.69 (0.12) 33.635 (1.483) 100 (0)
PEL2-BIC  3.41 (0.17)  2.81 (0.04)  0.332 (0.041) 5.1 (0.34)
PEL2-BICC  3.29 (0.15)  2.80 (0.04)  0.302 (0.041)  6.13 (0.33)
PEL2-EBIC  3.15 (0.13)  2.76 (0.05)  0.341 (0.052)  8.20 (0.21)
(100,200,400)  MLE-Oracle 3 (0) NA 0.024 (0.003) NA
MLE 200 (0) 3 (0) 1.743 (0.179) NA
PEL-BIC 22.02 (6.02)  0.33 (0.09) 38.078 (1.073)  199.98 (0.02)
PEL-BICC  22.02 (6.02) 0.33 (0.09) 38.078 (1.073) 199.98 (0.02)
PEL-EBIC  22.02 (6.02)  0.33 (0.09) 38.078 (1.073) 199.98 (0.02)
PEL2-BIC  6.41 (1.84)  2.84 (0.04)  0.333 (0.091)  6.67 (0.23)
PEL2-BICC  6.18 (1.84)  2.82 (0.04)  0.352 (0.092)  6.64 (0.23)
PEL2-EBIC  5.82 (1.86)  2.80 (0.04)  0.372 (0.094)  6.69 (0.24)
(100,500,1000) MLE-Oracle 3 (0) NA 0.031 (0.005) NA
MLE NA NA NA NA
PEL-BIC  85.71 (22.69) 0.51 (0.14) 37.585 (1.193) 500 (0)
PEL-BICC 0 (0) 0 (0) 42 (0) 500 (0)
PEL-EBIC 0 (0) 0 (0) 42 (0) 500 (0)
PEL2-BIC 288 (0.11)  2.70 (0.06)  0.356 (0.057)  6.40 (0.36)
PEL2-BICC  2.82 (0.09)  2.70 (0.06)  0.376 (0.058)  6.53 (0.35)
PEL2-EBIC  2.83 (0.09)  2.71 (0.06)  0.369 (0.058)  6.97 (0.32)

Table 1: Simulation results for mean of a normal distribution based on 100 random samples. Here
O onzero is the average number of selected nonzero components, .. is the average number of
true nonzero components that are selected, ME reports the model error, and No.EE’s reports the

number of estimating equations selected.
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(n,p, 1) Method 0 onzeros 0 rue ME No. EE’s

(50,100,100)  MLE-Oracle 3 (0) NA 0.069 (0.005) NA
LASSO 15.21 (0.88) 3 (0) 0.439 (0.034) NA
PEL-BIC 0 (0) 0 (0) 28.75 (0) 100 (0)
PEL-BICC 0 (0) 0 (0) 28.75 (0) 100 (0)
PEL-EBIC 0 (0) 0 (0) 28.75 (0) 100 (0)
PEL2-BIC  6.39 (0.52)  2.98 (0.02) 0.497 (0.069) 10.46 (0.46)
PEL2-BICC  6.33 (0.52)  2.98 (0.02) 0.498 (0.069) 10.49 (0.46)
PEL2-EBIC  6.06 (0.52)  2.97 (0.02)  0.531 (0.07)  10.43 (0.47)

(100,200,200) MLE-Oracle 3 (0) NA 0.047 (0.005) NA
LASSO 17.79 (0.87) 3 (0) 0.374 (0.019) NA
PEL-BIC 0 (0) 0 (0) 28.75 (0) 200 (0)
PEL-BICC 0 (0) 0 (0) 28.75 (0) 200 (0)
PEL-EBIC 0 (0) 0 (0) 28.75 (0) 200 (0)
PEL2-BIC  9.22 (1.27) 3 (0) 0.647 (0.118)  5.38 (0.17)
PEL2-BICC  9.28 (1.28) 3 (0) 0.651 (0.119)  5.39 (0.17)
PEL2-EBIC  8.38 (1.03) 3 (0) 0.632 (0.119)  5.34 (0.17)

(100,500,500) MLE-Oracle 3 (0) NA 0.039 (0.003) NA
LASSO 23.79 (1.23) 3 (0) 0.507 (0.028) NA
PEL-BIC 0 (0) 0 (0) 28.75 (0) 500 (0)
PEL-BICC 0 (0) 0 (0) 28.75 (0) 500 (0)
PEL-EBIC 0 (0) 0 (0) 28.75 (0) 500 (0)
PEL2-BIC  6.28 (1.31) 3 (0) 0.601 (0.083)  5.48 (0.16)
PEL2-BICC  5.96 (1.31) 3 (0) 0.593 (0.085)  5.38 (0.17)
PEL2-EBIC  6.04 (1.32) 3 (0) 0.602 (0.086)  5.41 (0.16)

Table 2: Simulation results for linear regression based on 100 replicates. Here 6,onzer0 1S the
average number of selected nonzero components, ¢,y is the average number of true nonzero
components that are selected, ME reports the model error, and No.EE’s reports the number of

estimating equations selected.

18



Let Y; = (vi1,vi2)" and Z; = (z],2z5)" respectively collect the response and predictor vari-
ables, and write X; = (Y;,Z])". To incorporate the dependence among the repeated measures

from the same subject when estimating 6y, we use the quadratic estimating equations proposed

by |Qu, Lindsay and Li (2000):

Zrv; PMyv YR (Y — Z76)

(3 (A
ZIv ML, v YR (Y - 276)
where v; is a diagonal matrix of the conditional variances of subject i, and M; (j = 1,...,m)

are working correlation matrices. Note that when m = 1, i.e., using only one working correlation
matrix My, the model becomes the one in |L].a11.g_amLZ_ng:IJ (IJ.M) and we have r = p. Here we

choose two sets of basis matrices with M; being the identity matrix of size n; and My being

the compound symmetry with the diagonal elements of 1 and off-diagonal elements of p. In our
setting, n; = 2 and therefore r = 2p estimating equations to estimate p parameters. For each

simulation, we repeat the experiment 100 times.

We obtain the same quantities as those in the example of Section (2] and report them in
Table Bl In comparison of the single-penalty method, we can conclude from Table B with the
columns defined in the same way as those in Table 2] that the proposed double-penalty method
has much better performance. This confirms the efficacy and efficiency of adding the additional
penalty on the Lagrange multiplier A, which performs the selection of estimating equations by

reducing the number of estimating equations to less than 10.
5.4 Trial of activity for adolescent girls 2 (TAAG2)

We apply the penalized EL with two penalties to examine the individual-, social-, and neighborhood-
level factors associated with adolescent girls’ physical activity over time in the Trial of Activity
for Adolescent Girls 2 (TAAG2) (Iﬂmng_ejjlj, |2Ql_4|; mm, |2Qlfi) The 589 girls
in the Maryland site from TAAG2 were collected data at 8th grade (2009) and 11th (2011)

grade. The response variable, moderate to vigorous physical activity (MVPA) minutes, were as-

sessed from accelerometers. Forty-two variables to be considered include: (1) demographic and
psychosocial information (individual- and social-level variables) that were obtained from question-
naires; (2) height, weight, and triceps skinfold to assess body composition; and (3) geographical
information systems and self-report for neighborhood-level variables. There are 554 girls have

complete information for all 42 variables and are used in this analysis.

A two-time point longitudinal linear mixed effects model is used to identify factors that are
most relevant to MVPA. A similar model as in Section £.3]is used with two working correlation
structure matrices. Our double-penalty EL method identifies four variables are related to MVPA:
Self-management strategies, Self-efficacy, Perceived barriers, and Social support. In particular,

higher Self-management strategies, Self-efficacy, Social support and lower Perceived barriers are
associated with higher MVPA. Our finding confirms the previous results in [Young et alJ (2!!14);

(2015).
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(n,p, 1) Method 0 0nzeros 0 1ue ME No. EE’s
(50, 100, 200) MLE-Oracle 3 (0) NA 0.023 (0.002) NA
MLE 100 (0) 3 (0) 3.446 (0.106) NA
PEL-BIC 0 (0) 0 (0) 15.25 (0) 200 (0)
PEL-BICC 0 (0) 0 (0) 15.25 (0) 200 (0)
PEL-EBIC 0 (0) 0 (0) 15.25 (0) 200 (0)
PEL2-BIC  27.92 (2.51) 2.95 (0.04) 5.252 (0.871) 5.29 (0.23)
PEL2-BICC  27.00 (2.69) 2.95 (0.04) 4.532 (0.552) 5.21 (0.24)
PEL2-EBIC  24.80 (2.87) 2.94 (0.04) 4.657 (0.625) 5.26 (0.25)
(100,200,400)  MLE-Oracle 3 (0) NA 0.014 (0.001) NA
MLE 200 (0) 3 (0) 3.438 (0.068) NA
PEL-BIC 0 (0) 0 (0) 15.25 (0) 400 (0)
PEL-BICC 0 (0) 0 (0) 15.25 (0) 400 (0)
PEL-EBIC 0 (0) 0 (0) 15.25 (0) 400 (0)
PEL2-BIC 4546 (437)  3(0)  5.241 (0.793) 5.51 (0.19)
PEL2-BICC  43.00 (4.25) 2.99 (0.01) 4.736 (0.659) 5.50 (0.18)
PEL2-EBIC  42.40 (4.33) 2.99 (0.01) 4.546 (0.649) 5.52 (0.19)
(100,500,1000)  MLE-Oracle 3 (0) NA 0.011 (0.001) NA
MLE NA NA NA NA
PEL-BIC 0 (0) 0 (0) 15.25 (0) 1000 (0)
PEL-BICC 0 (0) 0 (0) 15.25 (0) 1000 (0)
PEL-EBIC 0 (0) 0 (0) 15.25 (0) 1000 (0)
PEL2-BIC  30.02 (6.11) 2.93 (0.03) 2.300 (0.359) 6.70 (0.16)
PEL2-BICC  26.73 (6.02) 2.93 (0.03) 2.430 (0.377)  6.62 (0.16)
PEL2-EBIC  25.09 (5.91) 2.93 (0.03) 2.415 (0.377)  6.59 (0.16)

Table 3: Simulation results for regression model for longitudinal data with repeated measures
based on 100 replicates. Here @nonzero is the average number of selected nonzero components,
014 is the average number of true nonzero components that are selected, ME reports the model

error, and No.EFE’s reports the number of estimating equations selected.
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6 Discussion

We study a new penalized EL approach with two penalties, with one encouraging sparsity of
the estimator and the other encouraging sparsity of the Lagrange multiplier in the optimizations
associated with the EL. Such an approach utilizes sparsity in the target parameters and effectively
achieves a moment selection procedure for estimating the sparse parameter. Both theory and

numerical examples confirm the merits of the new penalized EL.

One interesting extension of the approach is to explore inferences with estimating equations
after the variable selection procedure. Such a direction is a suitable stage for EL. method with
estimating equations who takes advantage of adaptivity to various moment conditions with less
stringent distributional assumptions. The other interesting and challenging problem is to explore
the optimality of the sparse estimator using estimating equations with high data dimensionality.

Semiparametric efficiency of EL with estimating equations is shown in |Q111_a11d_LaMd_e§A (Il&%l)

However, when the paradigm shifts to high-dimensional statistical problems, the efficiency of the

sparse estimator respecting its nonzero components remains open for further investigations. We

plan to address the problems in future works.
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7 Proofs

In the sequel, we use the abbreviations “w.p.a.1” and “w.r.t” to denote, respectively, “with
probability approaching one” and “with respect to”, and C denotes a generic positive finite
constant that may be different in different uses. For simplicity and when no confusion arises,
we use notation h;(0) as equivalent to h(X;;8) for a generic ¢g-dimensional multivariate function
h(:;-) and denote by h;x(0) the kth component of h;(6). Let h(8) = n=t> "  h;(0), and
hi(8) = n=1 3" | h;x(0) be the kth component of h(). For a given set £ C {1,...,q}, we
denote by hy(-;-) the subvector of h(-;-) collecting the components indexed by £. Analogously,
we let h; £(0) = hg(X;;0) and he(6) = n= 130 h; £(0). For an s1 x s9 matrix B = (b;5), let
Bloo = maxicics, 1<j<ss [bijl, (1Bl = maxicjcs, 32710 [bij], [1Blloc = maxicics, 3252 [bij| and
IB|l2 = )\rlr{ix(BBT) where A\pax(BB7T) denotes the largest eigenvalue of BBT. Specifically, if
so =1, we use |Bl; = 325 by | and [Bly = (3251, b2)'/2 to denote the Li-norm and Lo-norm of

the si;-dimensional vector B, respectively.
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7.1 Proof of Proposition [

Define 4, (0,X) =n=1Y"  log{1+ A"g;(0)} for any 6 € © and X € A, (6). We first prove that
max, .3 (g, An(00,A) = Op(rn=1). Let A = arg maxy (3 ) A, (6o, )\_). Pick 6, = o(r~1/2n=1/7)
and r1/2n=1/2 = 0(4,,), which is guaranteed by r?n?/ 771 = o(1). Let XA = argmaxxea, An(6o, \)
where A, = {X € R" : |A]2 < 0, }. It follows from Markov inequality that maxi<;<y |gi(60)]2 =
O,(r'/?n/7). Then max;<;<, aea, |ATi(00)| = 0p(1). By Taylor expansion, it holds w.p.a.1 that

A gz(OO)gz(e ) X
{14 cX"gi(60)}? (7.1)
< [Al2|&(80)]2 — CIA{1 + 0, (1)},

0= A,(00,0) < A, (80, A) = X'g(0p) — — Z

for some |¢| < 1. Notice that |g(0g)]2 = O,(r'/?n~1/2), [@T)) yields that |X|2 = O,(r'/?n=1/2) =
0,(6,). Therefore, A € int(A,) w.p.a.l. Since A, C An(09) w.p.a.l, X = A w.p.a.l by the
concavity of A, (8o, A) and A,,(6p). Hence, by (1)), we have Max, .z g.) An(09,A) = Op(rn™1).
We then show |g(§)|2 = O, (r'/?n=1/2). For 6, specified above, let A* = ng(@)/|g(§)|2, then
A" € A,. By Taylor expansion, it holds w.p.a.1 that
i A" (0)g:(6)" A
o {1+cA™gi(0)}? (7.2)

> 8,]8(0)]2 — Ca2{1 + 0,(1)},

An(B.X7) = XTg(8) — 5

for some |c| < 1. Notice that A,(6,A*) < max, .z ) A,(8,2) < MaxyCR, (o )A (69, A) =
Op(rn~1), thus RO Op(6y,). Consider any €, — 0 and let A** = ng(8), then |A™|y = 0p(6n).
Using the same arguments above, we can obtain en|g(§)|§ - Cei|g(§)|§{1 + 0,(1)} = Op(rn1).
Then €, g(5)|§ = O,(rn~1). Notice that we can select arbitrary slow ¢, — 0, following a standard

result from probability theory, we have | g(@)]% = O,(rn~1). Hence, we complete the proof.  [J
7.2 Proof of Proposition

Define F,,(0) = max, .z (g An(0,X) + 38 Pix(|0k]) where 8 = (61,...,0,)" and A,(0,A) =
n~tY 0 log{l + A"gi(0)}. Recall a, = > ¥_, Pi+(]09]) and b, = max{rn~',a,}. As shown in
the proof of Proposition[I] maxkexn(eo) An(09,A) = Op(rn~"t) which implies F,,(6g) = Op,(rn=1)+
an. Define ©, = {0 = (0%,0%5.)" : |05 — 005l < &,]0sc|1 < n~ Y21} for some fixed £ > 0.
Let 8,, = argmingce, F, (0) As F,(6,) < Fo(00), we have F,(8,,) < Op(rn™Y) + an = Op(by).
We will first show that 6, € int(®,) w. p a.l. To do this, our proof includes two steps: (i) to
show that for any €, — oo satisfying b en n?/v = = o(1), there exists a uniform constant K > 0
independent of @ such that P{F,(8) > Kbne2’} — 1 as n — oo for any 6 = (05,05.)" € O,
satisfying |0s — 60.5|c0 > enbl/(zﬁ). Thus |0n,3 — 00500 = Op{e nb%/(% }. Notice that we can
select arbitrary slow diverging ¢,, following a standard result from probability theory, we have
\5,175 —600,5|00 = p{byl/(w)}, (ii) to show that \§n75c]1 <n12p 1t

For (i), we will use the technique developed for the proof of Theorem 1 in|Chang, Tang and W]]I
). For any 0 = (05,05.)" € O, satisfying |0s — 0p.s|0c > enbi! @ | define 0% = (65,0M)"
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and let jo = argmaxi<;<, [E{g;;(6%)}|. Define uj, = E{g;;,(0)}, 1}, = E{gi;,(6")}, and A=
sby/ 263% where § > 0 is a constant to be determined later, and ej; is an r-dimensional vector with
the jo-th component being 1 and other components being 0. Without lose of generality, we assume
Wi, > 0. @24) and Markov inequality yield that maxi<i<n [gij,(0)] = O,(n'/7), which implies
maxj<;<n |XTgi(0)| = Op(bi/zegnl/y) = 0p(1). Then X € A, (0) w.p.a.l. Write 8 = (61,... )"

and A = (Xl, ..., A)T. By the definition of F,(0), it holds w.p.a.1 that

Fa(0) > =3 loa{1 4 X g(0)) + D Pra(lon)
i=1 k=1

n

1~y 1 {Njogi.5o(0)}
~ D Xiogijo(0) — 5 D .
n i=1 " i=1 {1 + C)‘jogivjo(a)}

v

1~ 1~ 5
= Z NjoGijo(0) — - Z{/\jogi,jo(e)}2
=1 i=1

for some |c| < 1 and on = 5b$/ 26&. Therefore, it holds that

P{F.(0) < Kbue,'}
<]P>ln ..9_.<bl/255 én?g s 1
— nz{gido( ) M]O}— n €n 5 +nzgz,]0( ) Hjo +O( )
1=1 1=1

From (24 and Markov inequality, there exists a uniform positive constant L independent of @

such that P{n=1 3" | 91'2,3'0(0) > L} — 0. Thus, with § = (K/L)"/?, we have

1 n
P{Fn(O) < Kbneiﬁ} < P[ﬁ Z{g@jo (0) — /‘jo} < 2b111/2€g(KL)1/2 - :uj0:| +o(1).
i=1

From (2.6) and @2.I0), we know that yxj > A(enb%/(%)) > Klegb;/2/2 with K7 specified in (2.6])

for sufficiently large n, and

|tjo — 5] < ZE{ sup

k¢S 0cO.

M‘}w’f’ < K|0s¢|1 = o(b)/?)
90,

for K specified in (2.10). Therefore, pj, > Klegbg/ 2 /3 for sufficiently large n. For sufficiently
small K independent of 6, we have Zbi/ 26£(K L)l/ 2 i, < —cpij, for some 0 < ¢ < 1, which implies
that n1/2{2bi/2eg(KL)1/2 — 1jo} < —en'pj < — PPl 5 oo, As nV/? Yoi1{9i.0(0) —
o} 4 N(0,02) for some o > 0, it holds that P{F,,(6) < Kbne2’} — 0. Hence, we complete the

proof for (i).

For (ii), if \§n75c\1 = n~12p-1 we define 62 = (5Z7S,T§Z7SC)T for some 7 € (0,1) and will
show Fn(az) < F,(,) w.p.a.1. Notice that 8,, = arg mingee, F},(6). This will be a contradiction.
Therefore, |5n,(2)|1 < n Y271 Write 8,, = (gn,l, . ,§n7p)T and 5; = (6% ,,...,67 )". By the

n,1? »Yn,p

definition of F,(0) and the inequality F,(6,,) < F,(0y), it holds that

p p
max  Ap(0n,A) < max An(00,A) + > Pra(l6R) = D Prr(l6nkl).
AEAL(B) AEAR(60) k=1 k=1
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On the other hand, it holds that
p p s s
D PA(62) =Y Pralfuk) < D Pia(162) = D Pra(lbnil)
k=1 k=1 k=1 k=1

< 3 P {cklOng] + (1 — i) 071} — 07
k=1

::C%{anbkﬂmﬂ}

(7.3)

for some ¢ € (0,1). As we have shown in Section [T} max, 3 © )A (60, A) = Op(rn~t). There-
fore, max, .z 3 ( )A (6,,2) =0 L (rn ) + Op{sxnb 1/(25} Pick d,, satisfying 6, = o(r~/2n=1/7)
and max{rn~! sxnbl/(%)}

o(1). Same as (.2)), we have

0(62), which can be guaranteed by 72n?/7~1 = o(1) and 75X, bn

0p(07) = max  An(B, ) > 5,|8(0n)]2 — OO {1 + 0,(1)},
}\EAn(On)
which implies |g(8,)]; = O (6r,). Following the same arguments in Section 1] below ([Z2),
we have |g(60 )\2 = Op(r'?n=12) + 0, {s"?xx /2L 46} Notice that \g( e < |6 )\2 +
{Veg(0 )}(0* —8,)|, for some @ lylng on the jointing line between 6,, and 0 Since 6, S = On S5
by (I, it holds that |{Veg(8)}(8,, —8n)|s = Op(r'/>n~1/2). Hence, [g(8,,)]2 = Op(r'/2 w124

Op{s'?xx 12/ (1) }. Write A" = argmax, 3 G *)A (0;,)\). Following the same arguments for

([T, it holds that [A*|y = O,(r'/?n=1/2) + 0,{s'/?x iﬂb,l/(w)}. Since 62 = (5Z7S,T§Z7SC)T and
F(0n) > Ap(00, X) + 320 Py 2(|0]), then

ok 1< e b ~
Fn(0,) = - > log{l+X"Tgi(0,)} + > Pr(10; 4])
i=1 k=1
1< ~ 1< )\*’TVQgZ(é)}
= = log{l + A*"g;(B, +{— 2 O8RE A6, — 0,) + Y Pia(|r
w Do ToRlL+ X @) + {5 30T ; (Y
~ 1 o= A9"Vpg;(0 -
< Fn(gn)-i- {—Z*—OTg(V)} 0 —9 + P177r T’@nk‘ Z P17r lenk‘
ni 14+ A" gi(0) k—s+1 k—s+1

(7.4)
for some @ lying on the jointing line between 6,, and 5; Notice that max;<;<,, [A\*"g;(8)| = 0,(1),

then
<whl{ >0 O -5,)
T+ AT (8)

< |>\*|2|0nsc|10 (r'"2pn).

2

On the other hand,

p
Z Prn(7|0nk]) — Z Pia(0nil) == (1=7) D Pl {(crm + 1= )|} Okl
k=s+1 k=s+1 k=s+1

p
—(1=7)C7 Y Nngl = —(1 = 7)C|0nsc1
k=s+1
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for some ¢, € (0,1). If 7/%¢, max{r1/2n_1/2,31/2)(,1/2&/(46)} = o(m), (T4) implies Fn(az) <
F,(6,,) w.p.a.1. Hence, we complete the proof of (ii).

Nextly, we will show P(an’Sc = 0) — 1. Define

Gn(0,X) = Zlog{uvgz 0)} + > Pra(0])
i=1 =

for @ = (61,...,6,)". Then 0,, and its Lagrange multiplier b satisfy the score equation VAén(én, X) =
0. By the implicit theorem [Theorem 9.28 of (@)], for all @ in a | - |2-neighborhood of
6, there is a () such that VG, {6, A(8)} = 0 and A(8) is continuously differentiable in 6. By
the concavity of G, (6, ) w.r.t X, Gn{6, X(G)} = max, 3 (g Gn(6,)). Write A= (Xl, e ,XT)T.

From the envelope theorem,

0= VoG,{0,\(6)} ‘ Z{Vegz W} {ZVOPMT wk’)}
k=1

21 1+>‘gl( )

6=0,
Write h = (ﬁl,...,ﬁp)T = Vgén{O,X(G)}\ezgn. Let pi(t;m) = 7 1Py »(t). Since Py () € P,

p1(07; ) is independent of r. We write it as p} (0T) for simplicity. Therefore, for each k = 1,...,p,

=1 j= 11+>\g10n)

where 7y, = 7, (|0k|; 7)sgn(6y) for 6), # 0 and 7y, € [—mp)(0T), 7} (07)] otherwise. From Triangle
inequality, it holds that

 09iy(60)
ZZ -

i=1 5= 11—|—>\g0)

IN

sup [—
k¢S | T

. N agz
\Msup{ ‘ i
SRl
< Opln) - 3 Al
j=1

=0, (7‘1/2<pn max{r'/2n=1/2 s1/2\1/2p1/(45) }.

H {1+0,(1)}

As /20, max{r'/2n=1/2, 31/2)(,1/2&/(46)} = o(w), if B # 0 for some k ¢ S, then mp/, (|0, ;ﬂ%sin%gk)
will dominates the sign of Ek According to the arguments for the proof of Lemma 1 in

), we know 5n73c = 0 w.p.a.l. Hence, we complete the proof of Proposition 2. O
7.3 Proof of Proposition

Recall Mo, = {1 <7 <1 [3;(6,)] > vph(0)} and Mj, = {1 < j <7 : |5;(8,)] > Cupb(0%)}
for some C € (0,1). Clearly, Mg, C Mp . Recall m;, = [My [. Given My, , we select
0, satisfying 6, = o(m;1/2n_1/“f) and u, = o(d,). Let A, = argmaxyep, f(A;6,) where
A, = {A = ()‘JT\Agn’)‘JT\Agn)T € R": [Amg, |2 < 0p and Apg = 0} For given Mg, , Condi-
tion [3l and Markov inequality imply that maxi<;<, |8 M, (On)]2 = Op(mi/ Zpt/ 7), which leads to
maxi<i<n \S\Zgi(Gn)\ = 0,(1). Write A, = (An1,---, Anr)T. By the definition of A, and Taylor
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expansion, noting Py, (t) = vpa(t;v) and ph(t;v) > ph(0") for any ¢ > 0, we have
0= /(0;0,) < f(An;0n)

Z—Z gi(0,) 12)%&(00& ) ZP”‘A njl)

{1+ c)\ngl

— _ _ 1 _
< )‘E,Mgn {gMen (gn) - Vp/2(0+)sgn()\n,/\/(9n)} - 5)‘min{VM9n (971)}‘)‘717/\49” ‘%{1 + Op(l)}

1

< 5‘2,/\4% [gMen (0,) — Vp/2(0+)sgn{g/\/19n (0n)}] — 5)‘min{VMen (en)}p‘n,/\/len ‘%{1 + Op(l)}

Notice that [guty, (Bx) — 1507 )sgn{Eats, (O He = Opl(un) and Puia{Vaty, (B:)} = C] = 1,
then [Ap atg |2 = Op(un) = 0p(8n). Write Ay pgy = (Ar, ... 75‘|M9n|)T' We have w.p.a.l that

1 i, M n(on) ~
0=-) —=— -7 (7.5)
n1 +>‘n,M9ngi7M9n(0n)
where 1) = (71, .. -, T mg, )" with 7; = vph(|1Aj]; v)sgn(X;) for Aj # 0 and 7; € [—vp5(01), vp5(07)]
for A\; = 0. (TX) implies that 7 = g, (0n) + R with [R|, = O (gn/ uy). Since o Py = o(v),

then w.p.a.1 sgn(\;) = sgn{g;(6,)} for any A; # 0.

We will show that A, is a local maximizer for f(X;0,) w.p.a.l. We first show that A, =
arg maxyeax(a,) f(A;0n) w.p.a.l, where A5(0,) = {X = (X} My ,/\T *C)T e R" . ’/\M* la <
€, )\M;,c = 0} for some € > 0. Notice that f(A;6,,) is concave w. .t A To do this, it Sufﬁces to

show that w = ;\27/\,,5 =: (wq,..., Wy, )" € R™" satisfies the equation

1

n i—1 1+ WTgi,Mgn (On)

w.p.a.l, where n* = (7, ..., M, )" with 75 = vpy(|w;]; v)sgn(w;) for w; # 0 and 7 € [~vpy(07), vpy(07)]
for wj = 0. Based on (Z5), we know 0 = n~' Y7, g; (6,)/{1 + w'gi mz (0n)} — 7} holds for
any j € Mg,. For each j € My \Ma,, it holds that nTES L gii(00)/{1 + WTgivMZn(O”)} =
Gj(6,) + O (gn/ uy) where Op(grllmun) is uniform for any j € Mp \Mey,. Since Crpy(07) <
135 (02)] < wphy(0F) for j € My \Ma,,, if 6" = o(v), then |~ S0, i j(0n)/{1+W ging; (Bn)}] <
vph(0T) w.p.a.l for any j € Mg, \Mea,. This implies that there exists 7; such that 0 =
n~ES gii(00)/{1 + WTgi,M;n(Gn)} — 775 holds for any j € Mg \Ma,.

Secondly, we prove A, is a local maximizer for f(X;8,) over A € /NXn(On) w.p.a.1l, where
An(on) = {)‘ = ()‘;F\/tznv)‘;r\/(z;f)T € R": |>‘M;n - S‘n,/\/lzn|2 < 0(“n)7 |)‘M;'; 1= O(T_l/ﬁyn_l/ﬂy)}'

Notice that max, ;. \cx. (9,) IATgi(0,)] = 0,(1). Forany A € A,,(8,,), we write A = ( 3‘45n’>‘7‘/‘§i)T

and denote by X = (’\/TV‘Z ,0T)" the projection of A onto the subspace A’ (6,,). We only need to

show

B| sup {f(A;On)—f(X;Gn)}SO}%L (7.6)

AEAL(0,)
By Taylor expansion, it holds that

s {FA0) — F(Rs0,)} = sup ){3 gy~ X PaulinD}

AeAL(6) XA, (On n i=1 L+ AL g’ jEME
n
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for some A, lying on the jointing line between A and X. We have that

1 o= gi(0,) (A — A
L BOEOT N <onk0n) X Wl Oymi ) Y
n —1 1 +A*gl(0n) . * *,c

i JEMG® JEMg,

where the term Op(m}/ 2un§n) is uniformly for any A\ € Kn(On) On the other hand, we have

ST P (N = vph(07) >INl

JEMyS JEMG®
Hence,
1 < 6,)
Ly gl - > Py < { (1 — C)wphy(07) + Op(ml/? um} > Il
n - 1 +A gl ’I’L *,C . *,C
=1 EMgn ]GMG;m

Notice that ms/ “tncn /v — 0, then —(1 — Cvph(0T) + O (m,ll/zungn) < 0 w.p.a.1l which implies

(Z8) holds. Hence, A, w.p.a.l is a local maximizer of f(X;80,). We complete the proof of
Proposition [B O

7.4 Proof of Theorem 1]

Let Gy = supp{X(Go)}. It holds that

|Gol
max f(if) = max [ log{1+ 77gi60(00)} — 3 Pa (s }
Aeh, (60) nerl (60) Z; ’ Z ’

< max Zlog{lJrn 8i.o(00)},
nerf(00) ™ i

where A(80) = {n € R™ : 1"8ig,(00) € V,i = 1,...,n} for some open interval V containing
zero. Given Gy, since |Gy| < 4, following the proof of Proposition[I] we have max, i g0, n~tS°"  log{1+
1n"8ig,(00)} = Op(énn_l) which implies mMax, 3 g,) f(X\;0p) = Op(ﬁnn_l).

Recall a, = >0_, P +(|62]), by = max{l,n"!, a,,v?} and S,(0) = max, i g f\0) +
S k1 Pix(|0k]) for any @ = (61,...,0,)". Define ©, = {6 = (05,05.)" : [0s — Oy sl <
g, \9541 < N, } for some fixed e > 0 and R,, = mln{sw1/2b1/(2ﬁ)§_1/2,o(b}/2) (Vg;1/2€_3/2§_1/2)}
Let 6, = argmingce, Sn(#). As we have shown above, P{S,(60) < an + Op(lun™1)} — 1 as
n — oco. As Sn(an) < S,(6y), we have P{Sn(an) < an + Op(lyn™H} — 1 as n — co. We
will show that §n € int(®,) w.p.a.l. Same as the proof of Proposition 2] stated in Section [7.2]
our proof includes two steps: (i) to show that for any ¢, — oo satisfying bpePn/n = = o(1),
there exists a uniform constant K > 0 independent of @ such that P{S,(0) > Kbyc2’} — 1
as n — oo for any 6 = (05,05.)" € O, satisfying |05 — 0p.s|ec > enbl/ B), which leads to
|§n73 — 00500 = p{bi/(%)}. (ii) to show that |0n’5‘c|1 < N,,. The proof of (i) is the same as
that stated in Section [(.2] thus we omit its proof and only show (ii) here. We need the following

lemma whose proof is given in the supplementary material.
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Lemma 1. Let & = {F C {1,...,r} : |F| < £,} and ©,, = {0 = (05,05.)" : |0s — 00 s|oc =
Op{b,lq/(zﬁ)}, |0scl1 < W, }. Assume that Conditions [ and B, then

sup sup H\A/';(G) —V£(6)]2 = Op{s(ﬁnwnb,l/ﬁ)lﬂ} + Op{ﬁn(n_lgn logr)1/2}
0cO®,, FeF

provided that logr = o(n'/?), $20wnbi P = o(1) and ?n~1p, logr = o(1).

We begin to prove (ii) now. If |5n,3c|1 = N,,, we define 5: = (5273, T§Z7SC)T for some 7 € (0,1)
and will show Sn(/O\Z) < S,(6,) w.p.a.l. Notice that 8, = argmingece, S,(8). This will be a
contradiction. Therefore, \/O\msc]l < N,,. Write én = (gn,l, . ,§n7p)T. Notice that

p
max  f(A;0,) < max f(A600)+ > P69 Py (10nk)),
AeA()( ) AGA(OO)( 0 ;1|k| =Y Pia(0nk))
by (Z3), we have max, 3 (5 )f(/\'a ) = Op(lyn™t) + Op{sxnbl/(%)}. Pick 0, satisfying d,, =
o(ﬁﬁl/zn_l/y) and max{/,n~! anbl/(zﬁ)} 0(62), which can be guaranteed by Ensxnbl/(zﬁ) 2/ =
o(1) and £2n?/7=1 = 0(1). Select A* such that )‘Ma = 0n[8m, (an)—u,oz(OJr)Sgn{gMé (6 n)}]/|gM§ (En)—
vpy (07 )sgn{grm, (6,)}2 and Aige = 0. Write A* = (A],...,A%)". Then
n 0n

op(07) = max f(X;6n)
AEAL(0r)

1 - * n - *
> E ZlOg{l + A 7Tgi(on)} - ZP2,I/(|)\j|)
i=1 Jj=1
N g (Ba) 3o e, B, O, O Ny, o
= Apm, BMy \Un) — 5— 7 N 2%y
On on 2n i1 {1 +C)\MA gzM (en)}z je/v(§n ’
> g, 87, (0n) = COL{1+0p,()} —v D phle Xl )1
jGM@n
= Xi, Bnp (Bn) —vpb(07) Y [N = O {l+0p(D} = D eob(c NN
jEM@n jEMan
> Nii {8y, (Bn) — w0507 )sen(Niy, )} = COL {1+ 0p(1)}

for some ¢, c;,c; € (0,1). Recall Mg ={1 <j<r: \g](én)y > vph(0T)}, then sgn(/\j\,lé ) =
sgn{gMan (En)} Thus ]gM§n (én) - Vpé(O*’)sgn{gM@n (én)}\g = Op(0n). Using the technique
developed in Section [T}, we have |gat; (05) — vp5(07)sgn{gr, (04)}2 = Op(€,11/2n_1/2) +
Op{31/2X%L/2b}L/(4ﬁ) }

By Lemmal[lland Condition [, we know )\mm{\Af Mg (A 0.,)} > C w.p.a.l. Therefore Proposition
[Blleads to \)\( n)l2 = (@1/2 “2) £ 0, {s"?xn/ 2 1/(45 }. Based on this property of the Lagrange
multiplier )\(Gn), we can follow the same arguments stated in Section [7.2]to construct (ii). Specif-
ically, write X(En) and X(é;) as A = (Xl, e ,XT)T and X = (A’l‘, e ,X:)T, respectively. In the

sequel, we use 0 to denote a generic vector lying on the jointing line between 5n and 52 that may
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be different in different uses. Write 9 (9: Loeee ,9;2 »)"- By Taylor expansion, it holds that
~% 1 " ~*,T ~% " ~ P -~
Sn(0,) = — D log{L+ X" gi(0,)} = D Pau (X)) + Zpl,ﬂue;‘;,k\)
i=1 j=1

o : A VO cg’l(é) a* a
S, (en) + P2,1/(|/\ | P2 v |)\>i< —Sv(on c On,SC)
; Z ; 1+ g(0) S

(7.7)
I 11
P R P R
+ Z Pl,ﬂ(T‘Hn,k’) - Z Pl,ﬂ(len,k’)'
k=s+1 k=s+1
111
We will show I 4 IT + III < 0 w.p.a.l as follows.
For I, we will first specify the convergence rate of ]:\\* — :\\]1 Define
p T
Hy(8,) Z log {1+ X"gi(8)} + D Pra(lfe]) — Y Pw(IAi]) (78)
i=1 k=1 j=1

and A = (A1,...,A)". Then 0, and its Lagrange multiplier p satisfy

for any 6 = (01,...,0,)"
the score equation VAI;T (5 X) =0, i.e.

n

n ; L+ X gi(6,)
where 5j = (71, ..., 7)" with ; = vph([A;]; v)sgn(X;) for A; # 0 and 7; € [—vph(0F), vph(0T)] for
/\ =0. Let R, = supp{)\( n)}. Restricted on R, for any 8 € RP and ¢ = (C1,---,(r,|)" € RIRn|
with each (; # 0, define
1 gir.(0)
m(¢,0) =-S5 &R
€0 =2 T e, @)
where w = (w1, ..., wig,|)" with w; = vp5(|(;;v)sgn(¢;). Then, Ar, and 6, satisfy m(Ag, ,0,) =
0. By the implicit theorem [Theorem 9.28 of )], for all @ in a | - |s-neighborhood of
6., there is a ¢(6) such that m{¢(),0} = 0 and ¢(8) is continuously differentiable in 6. Since

~xk

0,s= 9n75, we have

€B,) — AR, 1 = |[{V6C(6)lg_g} (B, — 01)], < [|[VosC(O)g_pll,[0n.5c — Onseli-
Notice that

V05 $(0)|g_g = — (Vem) ™ (Voge.m)|,_,

(1S gk, (0)gir, (0)7 o - ., - —1
a <5 —~ [1+¢(0)7g;, Rn(é)}z + vdiag[ps {|C1(O); v}, .., ph{I¢ R, (O)]; ,,}]>
l n V@chz Rn 1 gi R é Vﬂscgz Rn(é)
x{n21+C( )ngn ; {1+§' 0)7gi r, (0)}2 }
—:A(0) x B(6).
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Since maxj<;<n [((0)"gir, (0)] = op( ), from Lemma [ we know ||A(8)||; < ]R \1/2HA( )2 =
O0,(6/*). Meanwhile, we have |B(8)|o = O, (&%) which implies |B(8)]y = O,(&2/%,). There-
fore, it holds that |[Vos.C(8)le_pll1 < [A(B)1B(®)]1 = Op(f*6?), which implies |¢(8,) -
Az 1 =0 (6;’/2 1/2)]0n sel1. Let X satisfy Az, = (0 ) and )\R% = 0. For any j € R{,, we have
lzn: 9:5(6,)
~T  —~=

n -1 1+ A gi(en)

n -~ n 2 n NN T 2

— ~T —~ ~T - ~T - n,S8¢

i1+ A gi(0n) M1+ A gi(0n) I {1+ A gi(0,)}

1 " 1,7 5n 1 - 1,5 /O\n /O\n t N ¥ n
oyt Ly SCEE R R) 4 0B, s Bl
i T+ A gi(6n) i {1+ A gi(6n)}

1« . (6, - - _
~n Z % + Op(@%/z)’A o )“1 + OP( 1/2)’0n 8¢ gn,SC‘l
M 1+ gi(0n)

1 ¢ gi,'(/én)
= Z % + op(v),
i1 L+ A gi(0n)

n,SC)

)

where the term o0, (v) holds uniformly for any j € Rf,. Write A= (A,....,\)". Recall that ¢ (5;)
and 52 satisfy m{C(@Z), 5;} = 0, and ([C9) holds, then it holds w.p.a.1 that

OZ—Z%—’H
ni:l I+ A gl(en)

for n* = (07, ..., ;)" with i} = yp’2(|xj|;l/)sgn(xj) for Xj # 0 and 7)f € [~vph(07),vp5(07)] for
X; = 0. By the concavity of f(A;0) = n=' 32" log{1 + A"g;(8)} — z; 1 P2y (X)), we know

~%

A = X w.p.a.l. Hence, ]:\\* — :\\]1 = Op(ﬁf’/2 1/2)\971 se|1. This implies I = O, (¢ 3/251/2 )\én,‘gc\l.

Let J, = supp(x*). Notice that maxj<;<p, A . g:(0)| = 0,(1), then

Veo..gi7 (0 ~
{ Z%j()}(ansc—en,g@)

- < X o] B[ 10, (£ 2612,
142" gi(0) ’

2

T < (X7,

which implies 1T = max{@,llmn_l/z,31/2)(711/2b%/(45)}]/0\n75c]101,(63/2 71/2). On the other hand, by

Taylor expansion, we have

P
Ml=—(1-7) Y P {(cem+1—c)lfnglHonkl < —(1—7)Cr|0nseh
k=s+1
for some ¢, € (0,1) Since max{€3/2 L2 Ené,lqpn_l/z,Ei/zﬁipslﬂxi/zbi/(w)} = o(m), () im-
plies Sn(a;i) < Sn(On) w.p.a.1. Hence, we complete the proof of (ii). Together with (i), we know

such defined 6, is a local minimizer of Sn(0). Following the same arguments stated in Section
[[2] we can prove ]P’(an,gc = 0) — 1. We complete the proof of Theorem [I O
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7.5 Proof of Theorem

~

Recall R,, = supp{/\( )} We still write A = A(6,) = (A1,...,A\n)". For H,(6,) defined in
([78]), we have VAHn(On,)\) =0, ie.

1 gi /én ~
o=1ly &) 5 (7.10)

where ) = (71,...,7,)" with 7; = yp’2(|Xj|; V)Sgn(xj) for Xj # 0 and 7); € [—vp5(07), vph(07)] for

Xj = 0. By Taylor expansion, we have

Zg = /é gl Rn(a )gl Rn(a )TARn -
o i=1 {1+C)‘Rngz72n(9 )}

for some |c¢| < 1, which implies

N 1 = i Rn 0 i Rn /é -t _ -~ ~
AR, = [—Z R (0 )8i (A ) } {&r.(0n) — 1R, }.
I+ CARngi,Rn(Gn)}

On the other hand, together with

0= Vol 0XOoog, = {2 :"f—;@))} Ko {3 woriaod )
7 {2 =1

)

0=6,

it holds that

1 = \Y 1) B 1 = 7 an 7 5n Tt _ a ~ -~
0 {_ 0581 R.(0,) } [_ g,nn(AT )g ,Rn(A ) ] (8r, (0,) — Tip. } + Rs.
) T {1+ A, 8iRr, (00)}

n)}?

o~

-1 1+ )‘R gi R, (0n
(7.11)

where ks = {>7_; VgsPl,ﬂ(Wk\)}]esza 5+ From Condition [ it holds that |Ks|oo = Op(xn)-
We will use (T.I1)) to derive the limiting distribution of 5n,3. Before this, we need the following

lemmas.

Lemma 2. Assume the conditions of Theorem [ hold. Then

19~ 8 (0n)8iR, (6n)"
~T ~
T L+ eAg, 8i R, (00)}

and

= Op(L,n ™ Y2H7Y 4 0, {1252\ /2L A 1/
2

~ Vz,.(60)

~

1<~ Vos8ir, (0, gr. (0
H_Z eAsTan(A) —Vgngn(gn)}Z

= |zl [Op(€ns" 2w}/ *n ™1 2) + O {3 sw) X/ 20/ 4]
S 14+ AR, 8 R, (0n)

2

holds uniformly for any z € R*.

Lemma 3. Assume the conditions of Theorem [l and Condition [l hold. Then

;upWosgf( 0)~E{Vos8i.7(00)})z|, = [2]2[0p{s* 2}/ >,/ 26}/ PP} 10, {(n™ st log r)'/2}]
cF

holds uniformly for any z € R®, where F is defined in Lemma [Il.
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Lemma 4. Let J 5 = {vgsg;(én)}T\Af— 6 ){Vgsg]:( n)} for any F € F, where F is defined in
Lemmal[ll. Assume the conditions for LemmaBl and Condition® hold. If s*¢2 bi/ﬁgw max{wy,, swy, } logr =
o(1), n_lﬁgswngi/z(log r)? = o(1) and n_lﬁigip(log 7)? = o(1), we have

sup |P[n2a" 37" * (Vo gr(0,)} "V (0,87 (60) < u] — <1><u>1 —0, asn — oo,

FeF

for any uw € R and o € R®, where ®(-) is the cumulative distribution function of the standard

normal distribution.

Now we begin the proof of Theorem @ Recall Jz, = {Vg s8R, (an)}T\Af%}l (6,){Ve s8R, 6,)}.

For any o € R? with unit Le-norm, let § = J 1/ ‘o a, then

{Ves8r, (0,)}0]3 = a"(UTU)/2U Vg, (0,)U(UTU) /2a
< )‘max{VRn( n)} ’U(UTU)_l/ZO“%
= )‘max{VRn( n)}a

where U = V ( 2N Vos8r, (0 6,)}. Thus, by Lemma [ \{Vgsgnn(an)}dlg = Op(1). Mean-
while, notice that |0]2 = Op(1). Lemma 2 yields that

len: Vesngn( (5) )}5

1 1+)‘R giRn

= 0p(1).
2
As shown in Section[Z4] (g, (5n)—up’2(0+)sgn{gMa (6,)}]2 = Op(ﬁ,lq/zn_lp)—kO {s'2x 1/2b1/(45)}.
From Proposition B we have |gg, (6,,) — Nr,l2 = Op(ﬁiﬂn_lp) + O0p {52\ 2/ (4P) }. Following
Lemmas 2l and Bl (Z.I1) leads to

5" {Vos&r,(0:)} Vi (6.){gr, (0,) — Tir, }
= O;,,(Ei/2 max{l,n" ,anb,ll/ (28) }max{sl/zwi/z,nl/v}) + 0,(s%x).

Expanding gr,, (én) around 6 = 0, it holds w.p.a.1 that

5" {VosEr, (02)} V2! (0.)[{Vosr,(0)}(Ons — O0s) — Tir, ]
= — 0"{Vos8r, (0:)} VR (01)8R, (00) + Op(s'*xn) (7.12)
+0, (Ei/2 max{l,n"", sxnbi/(w)} max{sl/Qw}/z, nl/“/}),

where 6 is on the line joining 6y and 6,. Notice that IgR,, (5n) — gr,(00)|2 < |gr, (/én)|2 +
18R (00)l2 = Op(t*v) + 0p{s"/2x:/*0/ P}, By Taylor expansion, |gr,(0,) — &r., (60)l2 >
)\min([VQSan(9)]T[Vgsgnn(9)])’/0\n73 — @p.5|2 for some @ lying on the line jointing 6y and 0.,
Same as Lemma B, Amin([Vosgr, (0)]"[Vos&r, (8)]) is bounded away from zero w.p.a.1, which
implies |§n3 0052 = O (E/ )+ 0, {s'?x L2/ 48) }. Together with Condition [1 it holds
that |{V9$an(0) Vengn(e )}(en,s —60.5)|2 = p(ﬁf/zsw}/%?) +0p{€i/2 2 }/2an711/(2/3)}‘
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Therefore, (Z12]) leads to

8"3R, [Ons — 005 = Iz, {VosEr, (0n)} Vi) (Bn)iiz, |

=~ 6" {Vos&r.(0:)} " Vi. (01)8R, (0) + Op(6i/ s,/ *1%) + O {62 ooy 2ty ®7))
+ 0, (Eiﬂ max{ﬁnn_l, anb,ll/(w) } max{sl/Qw}/z, nl/y}) + Op(81/2xn)

= — " T2 (Vs8R (02)} VR (0.)8R, (00) + Oy (63 sl *v?) + O, {04 s* @l *xubl/ @)}
+ O, (Eiﬂ max{l,n"!, sx,bY ®) Y max{s'/2wl/2, nl/“*}) + 0,(s%x).

Lemma @ leads to n'/?a™J5"*{Vo,gr, (0.)}"VZ! (0.)gr, (B0) —a N(0,1) as n — oco. We

n

complete the proof of Theorem [2 O
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SUPPLEMENTARY MATERIAL 1

Supplementary Material for “A New Scope of Penalized
Empirical Likelihood with High-dimensional Estimating
Equations” by Chang, Tang and Wu.

Proof of Lemma I

Notice that |V £(8)—V£(80)|l2 < [[VF(0)—V£(60)|l2+||VF(80)— V£(80)|s for any F € .Z and
0 € ©,,. Following the moderate deviation of self-normalized sums (Jing, Shao an ng, 2003)
and Condition [ it holds that maxi<j, jo<, [R 71> 0 i1 (00)9i.,(00) — E{gi j1 (00)gi j»(00)} =
Op{(n~" o, logr)'/?}, which implies sup r » IV£(00) — V£(80)l2 = Op{ln(n~" 0, logr)'/2} pro-
vided that logr = o(n'/3). For any z € R¥| with unit Ly-norm, we have

2 {V(0) — V5(00)}a] < 5 > [ei7(6) — 815003

1/2
N2 (Y (80) { ng,f gi,fwo)\%} 7

which implies

sup [V£(0) — Vr(00)]: < sup{ Z|ng gz-,fwo)@}
cF

1/2
+2 sup WV £(60) - sup { 1 Z|ng ~5rO0)
(X2

Write 8 = (65,05.)" with 6s € R®. By Taylor expansion and Cauchy-Schwarz inequality, we

have
2

2 & 3&'}(5)
, 7 ; 90s:

13- {0y {0y
IRE IR

for some 0 lying on the jointing line between 8y and 6. By Condition ﬂ

3gz’f (5)

2
05
00 S

2

(0s — 0o.5)

1 & 9 "
- Z lgi,7(0) — gi.7(60)]3 < - Z
=1

i=1

<205—0052 max
<2 ’ ‘11gk1,k2<s

2|0 5c
+200s ’1 +1<k1 k2<p

)

1~ [ 0gi7(0))" [ 9gir(0) 9g:;(0)
_ ? ’ <
1<k ho<s |1 ;{ 00, 0, J|= jefr?é‘s o0,
892]( ) 2
< 9.
= Op(lnwn).

Similarly, we have

1
max —
s+1<ky,k2<p |

" [ 08ir(0)\" [ 0817 (6) B
:1{ el }{ 00y, }‘_Op(enfn)-

7
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Therefore,

1 n
=3 lgi.r(8) — £17(00) 3 = Op(s*butonbl/”)
=1

holds uniformly for @ € ©,,. Meanwhile, by Condition[], it holds that sup rc » )\max{\Af 7(00)} <C
w.p.a.l. Then supgcg, SUprc# IV£(0) — V£(80)|l2 = O p{s(lnwn 1/6)1/2}. Thus we complete
the proof of Lemma [Tl O

Proof of Lemma

As shown in Section[7.4] |3\|2 = Op(E%/zn_l/Q)—l—Op{sl/zxi/zbi/(w)} and maxj<j<, |X7Tangi77gn (5n)|
Op(Lyn=1/2H1/7) —|—Op{ﬁi/zslﬂxi/zbi/(w)nl/V} = 0,(1). Notice that |(1+2)~2 — 1| < 5|z| for any
|z| < 1/2, by Lemma[I] it holds that w.p.a.1

n

1~ 8ir,(0n)gir, (00)" &

= = VRn(an) < 5)‘max{{772n( )} max ‘)‘Rngz Rn(a )’
n {1+ g, gir, (0n))2

1<i<n

2
O, (Lan= V2 4 O, {£1/261/23 1251/ 48) 1/,

For the second result, by Taylor expansion and Cauchy-Schwarz inequality, it holds that w.p.a.1

1 ¢N Vosgin, (0n) =)
H;Z Ao g (B RO
=1 1+ Ar, iR, (0n)

2

~T ~ ~ ~

I oA 8RR, (01)8i R, (0:) AR, 1 - ~ ~

< [—Z R &1 Or)Bin O] A [LNS ai) oo (8,017 (Vougin, (Bu))z|  (7.13)
ni3 {1+chg, gi R (00) 1 N4

@,)3x, [ ZzT{vesgz 2 (0)} (Vougir, @)}4 {1+ 0,(1))

IA
>
g
<
?

for some |¢] < 1. By Lemma [0, it holds that :\7T3 Vi, (02)Ar, < )\max{\A/‘Rn(/O\n)}\XRn\% =
Op(Lnn™1) + Op{sxnbn S } Meanwhile, write z = (21,...,25)", by Cauchy-Schwarz inequality
and Condition [B]

z 99, (6
—ZZT{VOS&R”( DV Vaggim, @)z < B3 5= 3|26 66,0
i=1 jER, k=1 k
Therefore, (Z13]) leads to
1o~ Vosgir, (0n L
H_Z ?\STg P 2 - VOSan(On)}Z
i 1+ Ar,8iR, (0n) 2 (7.14)

(2O (tns 2t P0712) + O£/ sl 20149,
We complete the proof of Lemma 21 .

Proof of Lemma

Notice that
n) — E{Vs8ir(60)}] 2|,

(7.15)
n) — Vos8r(00)}z|, + |[Vos87(00) — E{Vesgir(60)}]z|,
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for any z € R®. By Taylor expansion, Jensen’s inequality and Cauchy-Schwarz inequality, it holds

that w.p.a.l
~ a ; 2
\{Vesgf(f)n)—Vesgf(f)o)}zg=Z{ ZZ Z agk’ja@l 910)}
JEF i=1 k=1
’Z‘ d? 9i,j
22222 591;99 '|9n8 60,53,

jeF i=1 k=1 I=1
where 6 lies on the jointing line between 6y and 5n It follows from Condition [7 that

sup [{Vos87(0n) — Vos8r(00)}z|, = |2ls - Op{s* 20}/ 2w}/ ?bY/ @} (7.16)
eF

On the other hand, by Cauchy-Schwarz inequality, it holds that

|[Vos&r(80) — E{Vosgir(60)})z|;

SRS ()

JEF i=1 k=1

<ui 5 (2 [ -={ " }])

JEF k=1

Notice that

sup sup
1<j<r 1<k<s

1~ [99i(60) 1) 29:5(00) 1] _ -1 1/2

=1

therefore

sup [Vos&r(80) — E{Vosgi7(00)}]z|, = |z]2 - Op{(n " slyw, logr)/?}.
cF

Together with (Z16]), (Z13]) yields that
ﬁ_uP | vOng( n) — E{VOng F(GO)}] ‘
= |z|o [Op{s?’/zﬁ}/zwrl/zb}/(zﬁ)} + Op{(n_lsﬁnwn log 7‘)1/2}].

We complete the proof of Lemma Bl O

Proof of Lemma [4]

For any F € .7, let Jr = [E{V,8i 7(00)}]"VZ (80)[E{Ves8iF(60)}]. Given F, by Lindeberg-
Feller Central Limit Theorem, we have

20" 352 [B{Vosgi 7 (00)}) VE (00)&F(80) % N(0,1).

Let Z; 7 = aTJ]__-l/z[E{Vgsgi,;(eo)}]TV]__-l(Oo)gi,;(Go). Applying Berry-Esseen inequality, we

have

sup [P0 0" 3 [B{Vo,g:7(00))] V' (B0)r (60) < u] — ®(w)] < OnPE(Z; 7).
ue
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where C' is a uniform positive constant independent of F. By Cauchy-Schwarz inequality,

—1/2 —1/2 —1/2
1Zi 72 < [V7(00) [E{Vosgi 7 (00) )T 7> a3[V(00)gi 7(00)[3

< Aphd V7 (80)}gi, 7 (60)[3,

which implies

E(1Zi.7 ") < il LV 7(00) YE{&i 7 (B0) 3} < CALY 2 {V 5 (80) }3/2

min min
for a uniform positive constant C' independent of F. Therefore, if £, = o(n'/?), we have

;UP sug IP’[nl/zaTJ}lﬂ[E{Vgsg,-J:(Go)}]TV]__-l(Oo)g]:(eo) <u| - @(u)‘ — 0. (7.17)
€7 ue

Wiite Ur = a*J'2[E{Va,gi 7(60)}]"VF (00)g7(60) and Ur = aJ2* (Vo g7(0,)} "V (,)g7(60).
By Lemmas 2l and B noting suprc# |87(00)|2 = n_1/2€%/2g}/4(10g r)'/2, we have

;UP ' 2(Wr —Up)| = Op {80, 20 8 pL/4 (1og 1) 1/2} 1 0, (63202 g3/ * log 1)
cF

+ Op{s* 2tz 20/ ®2) 1/ (log 1)1/} + Op(n Y251 2o/ 0/ og 7)
= 0p(1).

Hence, for any v € R, ([L.17)) leads to the result. O
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