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Summary. Random variables of the form W(n)= )  } w;, (X, X)) are

1Sisn 15jSn
considered with X, independent (not necessarily identically distributed), and
W;;n("5 *) Borel functxons such that w;;,(X;, X)) is square integrable and has
vanishing conditional expectations:

Un(

E(w X)IX)=E(w;,(X;, X)) X;)=0, as.

l]n(

A central limit theorem is proved under the condition that the normed
fourth moment tends to 3. Under some restrictions the condition is also
necessary. Finally conditions on the individual tails of w;;,(X;, X)) and an
eigenvalue condition are given that ensure asymptotic normality of W(n).

1. Introduction

A simple example of a two parameter process is the quadratic form g, XX I
the random variables X, are independent N(0, 1) distributed, simple COIldIthIlS
are known that ensure the asymptotic normality of the sum

Wm= > Y a; XX,

1=i=n 15j=n

(The matrix (a;;) and the random variables X; may depend on n, a parameter

we suppress.) We assume without loss of generality that the matrix (a;) is

symmetric. Then there is an orthogonal transformation that brings (a;;) into

diagonal form and we can rewrite: W(n Z w; Y;? with y, the eigenvalues of
<iZn

the matrix (a;;) and where the ¥; are N(0, )_d_ stributed, orthogonal and hence

independent.

Let the diagonal elements g; vanish. Then W(n)= > p(¥>—1) is a
1Zi=n

weighted sum of independent centered chi-square distributed random variables,
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with total variance o(n)>=2 Y pu?. Clearly the condition o(n)~? max u? —0,

1=Zisn 1=<izn

18 necessary and sufficient for the asymptotic normality of W(n). This condition
is equivalent to o(n)~* Y p—0. Straightforward calculation shows that this

1=Zizn
last condition is equivalent to:

o)~ *EW(n* -3, n-oo. (1)

In this paper we concentrate on the more general form W(n)= Y W,
1Si<jgn

with W;=w(X;, X;)+w;(X;, X;), where the X; are independent and w;,(*,")
are Borel measurable such that EWifzaiZj is finite, subject to the centering
condition that the conditional expectations vanish:

EW;|X)=0 as, forall ij=<n

Theorem 2.1 states that condition (1) is sufficient for the asymptotic normality
of W(n) (under the assumption that the variance of each row sum is negligi-
ble). The proof (Sect. 3) is quite technical. The centering condition on W,
which plays an important role in this paper, is treated in more detail in Sect. 2.
In that section our main results are presented.

It is remarkable that (apart from the negligibility of the row sums) the
result for quadratic forms in independent N(0, 1) random variables remains
valid in this very general situation. Since the condition on the fourth moment
may be hard to check, we give in Sect. 5 simple sufficient conditions which
imply (1); the last two theorems extend certain results of Rotar’ (1973), respec-
tively Hall {1984).

Theorem 2.3 states that this moment condition comes close to being neces-
sary in the following sense: If W(n)= W,; with uniformly bounded sixth

15i<jsn
moments for the normalized Variables_aijjl_Wij is asymptotically normal, then
W(n) satisfies the moment condition (1). Sect.4 contains the proof of this
result.

If W(n) does not satisfy the above centering condition it can be split into
two parts (see Sect. 2). In a forthcoming paper their simultaneous distribution
is treated.

We conclude this section with some references. The limit behaviour of the
quadratic form in N(0, 1) random variables is treated exhaustively in a short
paper by Sevast’yanov (1961). In the little known paper Rotar’ (1973), these
results are extended to the case with iid random variables with zero mean and
finite variance. In Beran (1972) a central limit theorem for quadratic forms is
proved using a martingale method, a result related to that in Whittle (1964).

Generalized quadratic forms are a special case of dissociated random vari-
ables (McGinley and Sibson (1975)). For a central limit theorem for dissociated
random variables in a special case see Noether (1970} and more generally
Barbour and Eagleson (1985).

U-statistics have received considerable attention. Here the terms W,; have
the form W;;=w(X;, X,) where the function w(-,-) is symmetric and does not
depend on the indices i,j (but may depend on the suppressed parameter n).
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Weber (1983) proves a central limit theorem using a technique based on
backward martingales. In Jammalamadaka and Janson (1984) and in Brown
and Kildea (1978) central limit theorems are proved using the method of
moments. If the above centering condition holds the U-statistic is said to be
degenerate. This case is treated in Hall (1984).

The method used by Hall is a generalization of the methods in Beran (1972)
and is essentially the same as ours: Under the centering condition the partial
sums U= Y W, ; form a row of martingale differences with respect to the o-

1<j<k
fields (X 1,_.f. , X,). A central limit theorem for martingales can be applied.
Finally we mention Bloemena (1964). This monograph treats quadratic
forms with non-independent random variables. The results in Robinson (1985)
on weakly exchangeable arrays can be applied to quadratic forms of exchange-
able random variables.

2. Statement of the Theorem

Let X,, X,, ... be independent variables, and let w;;,(+,*) be Borel functions
such that varw;;, (X, X)) is finite. Put

ijn
Wn) = Z Z Wijn(XDXj)’
1<i<n 1<j%n

and
W.=w

ij ijn

(X Xj)_]_Wjin(Xj’ X))
The index n is suppressed in the notation W;.

Definition 2.1. W(n) is called clean if the conditional expectations of W; vanish:
E(W;1X)=0 as. forall ij=n

If W(n) is clean, then W,; has zero expectation and the diagonal elements
W, vanish as. We shall assume W,,=0. Then W(m)= ) W,. A con-

121
1<i<jsn

sequence of Definition 2.1 which will be used frequently in the sequel, is given
in the following lemma.

Lemma 2.1. Let W(n) be clean. Then (under the assumption that the appropriate
moments are finite )
EW,

i1j1

W, W, . =0

iz j2 " icfe
if at least one index has a value occurring only once among iy, ji,is, ..., iy, jy-
Such an index will be called free.

Proof. Assume i, ¢{j,, i5, ..., j,}, then

EVVfu’x VVizjz"' VVik}'k
:EE(VVEUH I/I/;zjz VV;k}'kinl’ Xiz’ I Xjk)
:Emzjz W/ikjkE(mljl | le):().

This proves the lemma.
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In fact we have shown more:

EW,, .. W

ik

X, X,) =0 as, (2)

if there is a free index i¢{h,, ..., h}.
A clean random variable can be seen as one term in an orthogonal

decomposition. Given a finite sequence X,,..., X, of independent random
variables, any square integrable random variable Z=Z(X,, ..., X,) can be
decomposed:

Z=EZ+ Y Z+ Y Zy+.+ Y  Z, o +..+Z, .,

1<isn 1<i<jsn 15y <... <ixg<n

where the 1 +n+3n(n—1)+...+1 terms are mutually orthogonal, and VAR
determined by: a) it is X, ,..., X; measurable, and b) the conditional expec-
tation given any set of k —1 variables X, vanishes.

In this paper we concentrate on the third term ) Z,; in the decom-
1<i<jsn
position. For a detailed account on this decomposition sece Karlin and Rinott
(1982). We shall only use the following obvious result:

Lemma 2.2. If E(Z|X)=0 as. i=1,...,n, then Z,;,;=E(Z|X;, X)) for all i, j<n.
In particular Z*= ) Z; and Z —Z* are orthogonal and EZ** <EZ?.
1=i<jsEn

For a central limit theorem in the case where the variance of the third term
is negligible compared to the variance of the second term, see Shapiro and
Hubert (1979).

Clean random variables do not only appear as second order approxi-
mations: Kester (1975) considers inter-point distances, which are clean by the
symmetry of the space.

The main result of this paper is:

Theorem 2.1. Let W(n) be clean with variance o(n)*. Assume

a) o(m)~?max ) o¢5—0,n—co0.
1<ign 1<j%n

b) o(n)~*EWm)* >3, n— .
Then
o)~ Wm - N@O,1)  n-oo.

Condition a guarantees that the variance of one individual row sum is negligi-
ble compared to the total variance. It rules out forms like W(n)= > X, X,

1<iZn
which depend crucially on the distribution of X,. On the other hand this
condition is not sufficient to ensure asymptotic normality. The matrix with all
off-diagonal entries one has negligible row sums, but it has one large eigenval-
ue and hence the corresponding quadratic form ) X, X, has asymptoti-
cally a chi-square distribution. l=i<jsn
The proof of Theorem 2.1 rests on three propositions. The proof of the
third one is quite technical. If an extra condition is added to those in Theorem
2.1 this proof becomes rather simple. We include it as a separate theorem.
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Theorem 2.2. Let W(n) be clean with variance o(n)>. Assume

a) o(m)~?max ) o;;—0, n—c0.
l=izn 1<jzn

b) ¢(n)~*EWm* -3, n— 0.
c) There exists a sequence of real numbers K(n) such that

EW3}<Kmay, forall i,j<n
and

K(mom?max Y ¢/->0 n—-oo.
12isn 1<jsn
Then
o(n)~ ' W(mn)-H N@©,1)  n- .

It is well known that convergence in distribution holds if all moments
converge to those of the normal N(0, 1) distribution. In the case of clean
random variables (and under condition a) the convergence of the fourth mo-
ments is sufficient; if the sixth moment of W, is of the order of o7, then
convergence of the fourth moment is also necessary. (In the following theorem
we restrict only the growth of the sixth normed moment of W,

Theorem 2.3. Let W(n) be clean with variance o(n)*. Assume

d) there exists a sequence of real numbers K(n) such that

6 6 . .
EW;=Kn)a; forall ij<n

and
Km?om?max ) o/-0 n-ow
1isn 1gjzn
and
o(n)~ ' Wm)-H NO,1) n- .
Then

an)~*EWm*—>3 n-oo.

3. The Proofs of Theorem 2.1 and Theorem 2.2

As in Hall (1984) g(n)~" W(n) is written as a sum of martingale differences U,,,,
with
=0~ Y W

15j<k

U, 1s X, ..., X, measurable and since W(n) is clean we have

EWU,|X,, s Xe_ =0~ Y EW,1X)=0 as.

1)<k
To establish the asymptotic normality of a(n)~* W(n)= U,, it is sufficient
(see Heyde and Brown, 1970) that 1=k=n
L Y E|U, 2T >0, n-oo.

12ksn
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IL E( Y UZX,, .. X, )—1'""°>0, n—oow

1=kZn
(with 6€(0, 1]; we take d=1).

We shall decompose EW(n)* into five terms. See Table 1 and Proposition
3.1. In Proposition 3.2 it is shown that if the first four terms (G;, Gy, Gy and
Gpy) are small the Conditions I and II above hold. This will enable us to prove
the Theorems 2.1 and 2.2.

We introduce the notation:

ij
1gi<jZn

ﬁ: Z Z VVki Vij
1Si<j<n 1=kZn
= 2w
1<i<j<k=n
Y= Y (W W+ Wy Wi+ W, W)

1<i<j<k<lZn

Wit Wi Wy, + W W)

Now observe that W(n)>=o+28+27y and since the W,’s are uncorrelated we
have EW (n)*> =Eu.

Proposition 3.1. Let W(n) be clean. Then the identities summarized in Table 1
hold.

Proof. The proof is a straightforward calculation. Since W(n)?> =o+2f+2y,
EWm*=E(o>+4p*+4y* +4af+4ay-+8p7y).
We shall consider the terms in this sum one by one.

Table 1. The table expresses the expectations on the left as linear combinations of the quantities
at the top

Gy Gy Gy Gy Gy
Eo? 1 2 2
Eaf 1
Ef? 1 2 4
Ey? 2 1
EW(n)* 1 6 12 24

Eo?=G,+2Gy+2Gy, etc., where

G = Y W

1gi<jzn
Gy= Y (EW;Wi+EW;Wi+EW; W)

1gi<j<kgn
G111=1§i<%:<k§n(EWifWciMj‘FEm;VI/}iVI/jk"'EWc?Wj i)
G T (T, Wk EW, W T, W, o BV, W W, )
Gy= Y (EW;Wi+EW;Wi+EW;W)).

1Zi<j<k<IZn
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a) Efy=0=Euxy.

This is a result of Lemma 2.1: each term in y contains four free indices and
each term in S has three indices, consequently each product contains at least
one {ree index and has zero expectation. The same reasoning applies to Eay.

b) Lemma 2.1 implics that the general term in of, Wgﬁl W.: W,; has zero
expectation if {g, h} +{i, j}. So

Euf= ¥ EW: W,

1<i<js=n 12k<n

¢) The calculation of Eu? is analogous to that of W(n)* (with W,; replaced
by W3); none of the terms contains a free index. Hence

Eoa?=G;+2Gy+2Gy.

d) All terms in W(n)* containing five or more different indices have at least
one free index and hence zero expectation. This implies

EVZZ Z E(VI/ijW/IcZ+V‘/ikI/I§l+ W, ij)zva'l“zle-

1Si<j<k<l=n

e) EB? contains terms with three and four different indices. All terms with
three different indices are contained in

E(Wj Wa+ VVji Wi+ Wi ij)zan"'sz-

1<i<j<k=Zn

All terms with four indices that have no free index are contained in
Y EC Y W Wy?
1<i<j=n 1<k=n

=Gy +2 Z )3 EW W W W5

1<i<j<n 15k<lSn

=Gy +4Gyy.

This completes the proof.
The following relation between terms in Table 1 will be used frequently

|GulSGy,  since [2V, Wy | < W2+ Wik 3)

Proposition 3.2. Let W(n) be clean and let Gy, Gy and Gy, be of lower order than
o (n)*, then
o(n) ' Wm-H N©O,1), n- .

Proof. We shall show that Conditions I and II hold. Condition I follows from

) EUk‘t,=a(n)—4IZ E( Y W)*

1=k=n k=n 1=j<k

IIA

=o(m™* 3 E( Y Wi+2 ¥ W, W)’

1=k=n 1Zj<k 1Si<j<k
=) Y (Y EWit6 Y EWIW
15k=n 12j<k 1Si<j<k

Sa(n) (G +6Gy=o(1).
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Now we shall prove Condition II. By straightforward calculation we obtain

var( Y E(UZIX,, ..., X))

1<ksn

=o(m)~*var( ¥ E(W|X)
1<j<k<n

+2 Y E(W,W,l X, X))

1gi<j<kzEn

=o(m)~*(var( Y EW;IX))
1£j<k=n

tavar( Y} E(W, Wl X, X))

1<i<j<k=n

<o(n)~*(G+2G,+4var( ) E(W,; W1 X;, X))
1fi<j<k=n

=o(l).
The second equality uses orthogonality which follows from
EW,W,;1X)=0 as. ifisj forall g,i,j,k, 4

since the product W,; W,; has a frec index unequal g (sec (2) after Lemma 2.1).
Equation (4) implies by Lemma 2.2

var( Y EWu Wyl X, X)svar( 3, Wy W),

1=<i<j<kZEn 1si<j<k=n

With g,= > (W,; W+ W, W,), it remains to show:

1=<i<j<k=Zn

var (B —B,)=o(a(n)*). (5)
Straightforward calculations give as in Proposition 3.1

varf, = ) E(W; Wi + Wi Wi+ 2W3 W, W) +2Gyy.
1=i<j<k=n
The first sum is of lower order than o(n)*, since Gy is of lower order than o(n)*
(see (3)). Hence, var f, =o(a(n)*) by the assumptions of the proposition. And

Table 1 gives
var B=(Gy+2G +4Gy =) o(a(n)*),

which proves (5). This proves the proposition.

Proof of Theorem 2.2. We shall show that the terms G,, Gy, Gy and Gy are all
of lower order than a(n)*.
Condition a implies:
c(n)*=2Gy+o(a(n)*), (6)
since
cm*=E*a=( Y o)
1si<jsn

=2Gy+ Y of+2 > Y, onoy

1<i<jsn 1gi<jgn 15k<n
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and by the inequality Y a.b, <( a,) max b, for a,, b, =0, we have
1 1=ksn

<ksn 1<kgn <

2 2
Z Oki Ok
SjsSn 1Zk=n

(Y Y odemax Y o (7

<iZn 12k=n 1=k=n 1<jsn

1gign 1

which, by Condition a implies (6).
Using the Cauchy Schwarz inequality in combination with Condition ¢ we
obtain with the help of (7):

Gi+2G =Km) Y (Y o)

lzkzn 1zjz=n

=o(a(n)*),
which by (3) gives Gy, =0(a(n)*). By (6) and Table 1, Condition b reads:
EW(n)*—~30(n)*=G;+6Gy+12Gy; +24Gyy +o0(o(n)*)
=o(a(n)*).

Since the first three terms of the righthand side are of lower order than o(n)*
the same must hold for Gy,. By Proposition 3.2 this completes the proof of
Theorem 2.2,

Proof of Theorem 2.1. We shall show that the following proposition holds.

Proposition 3.3. Under the conditions of Theorem 2.1 the terms G, Gy and Gy
are all of lower order than o(n)*.

Proof. From Table 1 and (6) (which holds under Condition a) we have
EW(n)* —30(n)*=G,+6E B*+o(c(n)*.
Since both leading terms are non negative we have by Condition b:
G=o(a(n)*),
Ep*=o0(c(n)*).

(8)

We shall apply the orthogonal decomposition to 8 and split E? into two non-
negative parts. Since E(f|X,)=0 as., for all g (see (2)) we have with

B= 3 EPIX.X)

EB*=ER?+E(f—F).
With (8) we have
EB?=o(a(n)), ©)
E(f— B2 =o(o(n)"). (10)

By (2) we have
E(BIX;, X)= ). EW WX, X),

12ksn
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and
Eﬁ/zz Z EEz(ﬁ[Xinj)
1<i<j=n
= Z ( Z EEZ(VVkiVij|Xisz)
1<i<j<n 1Sksa
2% BB Wyl X, X) EOK, W, X, X))

=0(c(W*) +4Gyy.

The last equality sign follows by applying the conditional Cauchy Schwarz
inequality to each term in the first sum:

EEZ(VVIU VVk]|Xp Xj)éEE(VVk%|Xw XJ)E(VVkile X])
=EE(W; | X)EWj|X)
—EW EW,

and by applying the following identity to each term in the second sum:

EW, Vij W VVlj:EE(VVki Vij W VVllei’ Xja Xk)
=EW,; VijE(VVu VszlXi’ Xj)
=EE(W,, VVkﬂXp Xj) EW; VVLjIXw X_;)‘
This proves (by (9)),
Gry=o(o m*),
and by (10),
Gy+2Gy=0(c(n)*).

It remains to estimate Gy and Gy; separately. This can be done with the
identities in Table 1 and the Cauchy Schwarz inequality applied to: G;=FEa«f.
This finishes the proof of Theorem 2.1.

4. Proof of Theorem 2.3

It suffices to show that the sixth normed moment of W(n) has a uniform bound
(see Feller 1971, p. 251). This is shown in Proposition 4.1.

The techniques used in the proof of the proposition are slightly different
from those in the preceding paragraph. The estimates are perhaps not the
sharpest possible but allow us to reduce the amount of detail that was needed
in the proof of Theorem 2.1. Two lemmas precede the proof of Proposition 4.1.
(Observe that Lemma 4.1 also holds with aizszW% if W(n) is not clean.)

ij®

Lemma 4.1. For W(n) the following inequality holds:
E|W, W, ls6, ..o

irj1r T ix jx

if each index value occurs exactly twice among i,,]jq, ..., f-
Proof. If each index value occurs exactly twice among the indices the product
W, W, . can be split into independent cyclic products

[ ST RS 175
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w, wW._ . .W 2<h=k,  (g,....2)=*.

8182 ' 8283° gng1’

(Here (g, ..., g,)*+denotes g, ..., g, all mutually unequal.)
If h is even, the cyclic product can be split into two products each contain-
ing h/2 mutually independent factors W,; and by Cauchy Schwarz:
EWW, W__...W_ ]|

8182 £283 8n g1

<EX(W,

=0

2 i 2
182 VVgsga"‘) E (Vnggs"‘VVghgl)
g1gy Gghg1'

If h is odd we have

EIVVglgz Vnggs V[/ghgx1
:E‘%1821E(1%233”' VVghngXgi’ng)
éE]VVglgzl E%(Vngzga l ng) E%(VV;@ |Xg1) * O—gzg‘z 6gh~1gh
§Gglgz 0-8223'“O-ghg1’

where the conditional version of the Cauchy Schwarz inequality is applied to &
—1 factors W,; which gives, combined with the independence of the random
variables X, the first inequality. The second follows from Cauchy Schwarz.
This concludes the proof of Lemma 4.1.

Lemma 4.1 is closely related to the one below.

Lemma 4.2. For the matrix (o) the following inequality holds (with a(n)?
= ) o)
1Si<jsn

h) c o(n).

<
81 -oes BR)F !O-gxgz 8283 """ 68kg1| =

Proof. If k=2 equality holds. If k>2, even, the product can be split into two
products each containing k/2 factors ¢;; having no indices in common with the
other factors in the same product; by Cauchy Schwarz follows:

2 )

8283 """ agkg1|
2y%

é(z(gu ---,ng:(o-glgz 0g3g4 ) )

(2 )

(815 «es gR)F |031g2

(g1, ---sgk)¢(o-g233 R 'Y $1

The last inequality follows by summing without restriction on the indices. If k
1s odd the summation is first carried out over k—2 indices (e¢ach summand
contains (k —1) factors ¢;;) and Cauchy Schwarz can be applied as above. Then
the summation is carried out over each of the two remaining indices each time
applying Cauchy Schwarz (the first inequality follows from dropping restric-
tions on the summation):

z

nggs O-gkg1|

(g1, ---,gk)#wmgz
(g182)F Iagzgzl Z(gs, v 1) F |0g2g3 nggxl

2

2

2 + L, k—3
Z(g1g2)¢|0g1gz|(2gs agzgs) (24 Ogz)* *0(n)
g

8k T8k g1

(). (11)

This proves Lemma 4.2.

A A A
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Notice that the proofs of the Lemmas 4.1 and 4.2 run closely parallel:
instead of integration over a variable X, summation is taken over an index i.
Except for the restrictions on the summation, products having no indices in
common are independent with respect to the counting measure.

Proposition 4.1. If W(n) is clean with EW (n)*=06(n)? and satisfies:
a) EWS<K(no?, forall i, j<n 12)
b) Ko ?max Y ¢5—-0, n-o (13)

1SiZn 1gjgn
then
oc(n) S EW(n)°=< C+o(l),

with C a constant not depending on n.

Proof. The sixth moment EW(n)® can be split into several partial sums, in the
same way as the fourth moment; the number of partial sums does not depend
on n. We shall distinguish these sums according to the number of summation
indices. The proof proceeds in two steps. In the first step it is shown that all
partial sums with 5 or less indices are of lower order than o(n). In the next
step the upper bound for the sums with 6 summation indices will be calculated.
(Since W(n) is clean, sums with 7 or more indices do not occur in EW(n)®.)
For products with 5 or less indices we obtain by the Holder inequality and
(12):
E|W,

i1jyee

Wi SERW, ;)0 . EX(W, ;)8

=Kmo o (14)

i1j1 77" Yisje®

Consider a product o, ;, ..., ; without a free index and with k'<k different
values among its indices iy, j,, ..., j,. There is at least one index, say i, with a
value occurring more than two times. The product then contains a free chain,
i.e. a partial product of the form:

o, . 0grsk-2),

Oig1 9182 Tg,j

such that j has a value occurring more than two times (possibly i=j) and
g:, ..., g have values occurring exactly twice among i, j;, ..., j,. The remain-
ing product contains no free index and consists of k—r—1 factors g;; with k —r
different index values. After removing k—k' free chains a product remains
without a free index and without a free chain. This product contains strictly
less than k, say h, factors ¢,; (and h different index values).

The sum over all different values for the indices g, ..., g, of a free chain
can be estimated, if r=1, by (11) in Lemma 4.2:

-1 2
Z(gx, cos BP)E |Gig1 ag1 gz""" Ggrj| é O-(n)r ( max Z Gij 2
1Sisn 1£j<n

and if r=0, by

max o,;<(max ) o}

12i<j=n 1=iZn 15jsn
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The sum over all different index values of a product of h factors g;; with each
index value occurring exactly twice among the indices can be estimated by
o(n)* (Lemma 4.2). All partial sums in EW(n)® with 5 or less summation
indices contain a free chain, and are by (13) and (14) of lower order than ¢(n)°.
This concludes the first part of the proof.

Now consider the sums with 6 summation indices. If each index value
occurs exactly twice among the indices, a sharper inequality than (14) holds
{Lemma 4.1):

EIW, ;- W, /<0, .0

i icje"

As in the proof of Lemma 4.1 the righthand side product can be split into
cyclic products of the form

g, , G e G with h=2,3,4,6.

8182 828377 T gng1’

By elementary matrix theory we obtain (with g, u,, ..., 4, the eigenvalues of
the symmetric matrix (g;)):
)

o =Const= Y b

15i<n

@1 em %8122 %5285 Tgngs
The constant is positive and does not depend on the matrix. Since all matrix
elements ¢;; are non negative, Y. u¥ is non negative. Dropping the restriction
1<ign ]
on the summation only alters the sum by o(s(1)°), as is shown in the first part
of the proof. This shows that up to o(1) the sixth normed moment
oc(n)~® EW(n)°® is bounded by the polynomial o(n)~%(@M3+bM5+cM, M,
+dM). With a,b,c and d non-negative and not depending on n and M,
= Y ub Since M,=0(n)? one has o(n)™"M,<1.
1<isn

This proves Proposition 4.1.

5. Results Involving Only Second Moments

In this section we drop all assumptions on fourth moments. In addition to the
usual centering condition, and the existence of second moments we impose a
condition on the tails of the distributions of W;.

Theorem 5.2 is on quadratic forms in independent random variables and
contains as a special case the i.i.d. case treated in Rotar’ (1971).

It is natural that eigenvalues play an important role in the limiting distribu-
tion of a quadratic form. In Theorem 5.1 it is shown that the eigenvalues of the
matrix (g;;) play almost a similar role in the general case.

In Theorem 5.3 we consider a weighted U-statistic, which combines proper-
ties of the quadratic form and of U-statistics; as a special case the theorem
contains the central limit theorem in Hall (1984).

We start with a lemma that gives a well-known property of eigenvalues.
(We shall use Gy in the context of a (non-random) matrix a;; to denote the

sum of all terms of the form a;;a;, a;;a,,.)
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Lemma 5.1. For the symmetric matrix (a;;) with eigenvalues u,,...,u, and
Y. uf=1, the following two statements are equivalent:
1<i<n

i) max p?—0, n—o0.
1=Zign

i) max ) a}—0and Gy—0,n— .
1<isn 1520
Proof. Since max p< Y pf< max uf, i) is equivalent to > puf-0.
1=izn 1570 1gizn 15i%n
Straightforward calculations yield (we denote by a{f the ijth element in the
kth power of the matrix (a,;):

S pi=trace(a)t= ¥

1=iZn 1=izn

= ) @+ X @)

1<ign 1gifjsn

= Z ( Z aizj >+ Z ( z akiakj)z'
15ign 1Sj<n 1<i%j<n 12kZn
And the last two terms tend jointly to zero if and only if ii) holds. This proves
the lemma.
Now we can formulate the three results:

Theorem 35.1. Let W(n) be clean and let there exist a sequence of real numbers
K(n) such that:

i} Kn?e(m)~>max ) o}—>, n-—ow
Lgign 1<jn
and

-2 2
2) max ;" EW; Lyw, o kgye,p 0 n> 0.
1Zi<jEn

If the eigenvalues iy, ..., u, of the matrix (o;;) are negligible:
3) o(n)~? max u? >0, n-oo
1<ign
then
o(n)~ ' Wn) - N©O,1), n-oo.

Proof. Define the truncated variables:

*
W=

VV;J' 1(|Wij| SK(moij}
and the clean version of W¥:
W= W —E(W | X)~E(W¥ | X))+ EW,
W= 3y W,

1g5i<j<n

Notice that W;— W) is the clean version of W,;—W7 and by Lemma 2.2 we
have
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var(W(n) —W'm)= Y EOW,~W,)?

15i<j&n
< 2 =2 2
= Z 611( ma)_( Gy EVV” 1{|Wij'>K(")0'i]})
lsi<js=n = 1Si<j=n

=o(o(n)?).

Since W'(n) tends to W(n) in I? it suffices to check that Gy, Gy and Gj, are
o(a(n)*) by Proposition 3.2. Condition 2 gives:

EW/*<16K(n)* of;
this implies, by Condition 1, that Gj, Gy and Gy, are all of lower order than
o(n)*. By Lemma 4.1 we have:

7 i ! r f ! g !
EWVU Wi VVU W/lktéo'ij Ok 01501, 50,0040

By Lemma 5.1 and Condition 3 it follows that G, and Gy, are both of lower
order than ¢(n)*. This completes the proof of Theorem 5.1.

If one applies the above theorem directly to the quadratic form a;; X, X;
one neglects the signs of the matrix elements g;; (we assume EX7?=1). The
eigenvalues of the matrix (a;;) can be completely different from those of the
matrix (|a;;|)=(a;)).

If the matrix (a;;) has negligible eigenvalues it has also negligible row sums
(Lemma 5.1). In that case Condition 2 below is automatically satisfied if the
random variables X, are 1.1.d., as in Rotar’ (1971).

Theorem 5.2. Let W(n)= ) a; X;X; be a quadratic form in independent
1<i®j<n

random variables X, (EX;=0, EX?=1), with u,, ..., u, the eigenvalues of the

symmetric matrix (a;;), with vanishing diagonal elements: a;;=0 for all i. Suppose

there exists a sequence of real numbers K(n) such that:

1) Km*o(m)?max Y a;—-0, n-ow
1Si=n 1<jgn
and
2
2) max EX7 1 gwy—0 100

1<isn
If the eigenvalues of the matrix (a;;) are negligible:

3) o(n)~? max u? >0, n-cw
1=isn

then
o(n) ' Wn)->N(@O,1), n-oo.

Proof. The proof is similar to that of Theorem 5.1, so we shall omit it, except
for one remark on the handling of G,y. Since EX?=1 we have for each term in
Gy:

EVVij Wi VVU Wi =a;; a5, ay; ay,

and Condition 3 can be used. Now Theorem 5.2 follows in the same way as
Theorem 5.1.
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The last theorem is a straightforward generalization of the preceding theo-
rem. The proof is by now obvious and will be omitted {Condition 3b is
equivalent to one part of the condition in the central limit theorem in Hall
(1984)). Notice that Condition 3b does not involve a condition on the fourth
moments of the individual random variables W;;.

Theorem 5.3. Let X, be i.id. random variables and let for each n the Borel

functions w,: R*->R  satisfy Ew,(X,,y)=Ew,(y,X,)=0 for all yeR, and

Ew(X,X,)=1. Let uy,, ..., 1,, be the eigenvalues of the symmetric matrix

(a;;,) and put W(n)= > a;;, wo(X;, X ;). Suppose there exists a sequence of
1<i<jsn

real numbers K (n) such that:

1) K(n’o(m ?max ) a}-0, n-oo
1<isn 1gjzn
and
2) Ew; (X1, X5) L,y x> key = 05 1m0,
Then "

o(n)~'W(mn)-5 N@©,1), n-oo
if one of the following conditions is true:

3a) c(n)~? max p? -0, n-oo.
1<iZn

3b)  Ew,(X, Xp) w, (X, X3)w,(X,, X)) w(X,, X3)—0, n—oo.
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