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ABSTRACT
For panel data models with spatial errors, the empirical likelihood
ratio statistics are constructed for the parameters of the models. It
is shown that the limiting distributions of the empirical likelihood
ratio statistics are chi-squared distributions, which are used to
construct confidence regions for the parameters of the models. A
simulation study is conducted to show the performance of the
proposed method.
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1. Introduction

Linear regression models are the most important statistical models for explaining the
relationship between response and explanatory variables. Whenever the variables in a
linear regression model refer to attributes of a particular location (height of a plant,
population of a country, position in a social network, etc.), one often allows for correl-
ation among the errors (disturbances) by assuming that the errors follow a spatial
autoregressive (SAR) correlation (e.g., Dow, Burton, and White 1982; Ord 1975; Kr€amer
and Donninger 1987; Anselin and Bera 1998). These models deal with data in different
locations with fixed time point, which are called spatial models. If the data reflect vari-
ous times and locations, they are called spatial panel data.
In recent years, spatial panel data models studied in Anselin (1988) have drawn more

and more attention in empirical economic research, as they offer researchers extended
modeling possibilities as compared to the single-equation cross-sectional setting and
contain more variation and less collinearity among the variables. Baltagi, Song, and Koh
(2003) consider panel regression models with SAR disturbances and focus on the test of
spatial correlation for the models. Kapoor, Kelejian, and Prucha (2007) provide a rigor-
ous theoretical framework for analysis of spatial panel models. Lee and Yu (2010a) pro-
pose the maximum likelihood (ML) estimation for panel models with both spatial lag
and spatial disturbances. Some related recent developments are in Anselin (2001),
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Elhorst (2005, 2010), Anselin, Le Gallo, and Jayet (2008), Yu et al. (2008), Lee and Yu
(2010b, 2013), Su and Yang (2015), Qu, Lee, and Yu (2017), among others.
In this article, we study the following special spatial panel data model. Suppose that

there are n individual units and T time periods. We consider the following panel data
model with spatial error (e.g., Chapter 10 in Anselin (1988)):

yt ¼ Xtbt þ �t, �t ¼ ktWn�t þ lt , t ¼ 1, 2, :::,T (1)

where yt is an n-dimensional column vector of observed dependent variables, Xt is an n�K
matrix of explanatory variables, and bt is an K � 1 vector of regression coefficients. �t is an
n� 1 vector of errors, Wn is an n� n spatial weighting matrix of constants, lt ¼
ðlt1, :::, ltnÞs is an n� 1 column vector, and fltig are i.i.d. across t and i with zero mean and
variance r2. Model (1) is also called spatial seemingly unrelated regressions (SURs) model,
originally suggested by Zellner (1962), and it is designed for empirical situations where a lim-
ited degree of simultaneity is present in the form of dependence between the errors in differ-
ent equations. SUR models are extensions of linear regression models which allow correlated
errors between equations, and have been widely used in many research areas, obviously
including spatial analysis. Anselin (1988) extends an SUR model to a spatial environment. By
incorporating SAR into the error term, the model exhibits spatial autocorrelations across
observations. Previously, the development in testing and estimation of SUR models has been
summarized in Anselin (1988). When T¼ 1, these models are studied by Cliff and Ord
(1973), Ord (1975), Kr€amer and Donninger (1987), and Kelejian and Prucha (1999), among
others. Recently, Wang and Kockelman (2007) derived the ML estimator (under the normal-
ity assumption) of an SUR error component panel data model with SAR disturbances.
Baltagi and Pirotte (2011) considered various estimators for panel data SUR with spatial error
correlation. In terms of testing, Mur, L�opez, and Herrera (2010) developed a set of Lagrange
multipliers to test for the presence of spatial effects in a standard spatial SUR model. Some
recent research work on SUR models and their applications can be found in Jiang, Qian, and
Sun (2020), Hou and Zhao (2019), Kub�a�cek (2013), Kurata and Matsuura (2016), Sun, Ke,
and Tian (2014), Tian (2010), Zhao and Xu (2017), among others.
There are two competing estimation approaches for the parameters in spatial models. One

is the ML method (e.g., Anselin 1988). The other is the computationally more efficient
method, the generalized method of moments (GMMs) by Kelejian and Prucha (1999). The
asymptotic properties of the maximum likelihood estimator (MLE) and the GMM estimator
for the spatial models are investigated by Anselin (1988) and Kelejian and Prucha (1999),
respectively. These methods may be readily extended to spatial SUR models. However, it
may not be easy to use these normal approximation methods to construct confidence region
for the parameters in the SUR model as the asymptotic covariance in the asymptotic distribu-
tion is unknown. More importantly, the accuracy of the normal approximation-based confi-
dence region of the parameters in the model may be affected by estimating the asymptotic
covariance. In this article, we propose to use the empirical likelihood (EL) method intro-
duced by Owen (1988, 1990) to construct confidence region for the parameters in the spatial
SUR models. The shape and orientation of the EL confidence region are determined by data,
and the confidence region is obtained without covariance estimation. These features of the
EL confidence region are the major motivations for our current proposal. Owen (1991) has
used the EL method to construct confidence regions for the vector of regression parameters
in a linear model with independent errors. A comprehensive review on EL for regressions
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can be found in Chen and Keilegom (2009). More references on EL methods can be found in
Owen (2001), Qin and Lawless (1994), Chen and Qin (1993), Zhong and Rao (2000), and
Wu (2004), among others. The idea in using the EL method for the spatial SUR models is to
introduce a martingale sequence to transform the linear quadratic form of the estimating
equations (e.g., Equation (5)–(7)) for the spatial SUR models into a linear form. It is interest-
ing to note that the estimation equations for other spatial panel data models may have the
linear quadratic forms. Therefore, this approach of transformation also opens a way to use
EL methods to more general spatial panel data models.
The article is organized as follows. Section 2 presents the main results. Results from a

simulation study are reported in Section 3. All technical details are presented in Section 4.

2. Main results

We continue with the Model (1). With t ¼ 1, 2, :::,T, Model (1) can be written into a
matrix form as follows:

y1
y2
..
.

yT

0
BBB@

1
CCCA ¼

X1 0 0 � � � 0 0
0 X2 0 � � � 0 0
..
.

0 0 0 � � � 0 XT

0
BBB@

1
CCCA

b1
b2
..
.

bT

0
BBB@

1
CCCAþ

�1
�2
..
.

�T

0
BBB@

1
CCCA

with

B1 0 0 � � � 0 0
0 B2 0 � � � 0 0
..
.

0 0 0 � � � 0 BT

0
BBB@

1
CCCA

�1
�2
..
.

�T

0
BBB@

1
CCCA ¼

l1
l2
..
.

lT

0
BBB@

1
CCCA

or

Y ¼ Xbþ � (2)

with

B� ¼ l (3)

where Bt ¼ ðIn � ktWnÞ, t ¼ 1, 2, :::,T,B ¼ ½InT � ðK�WnÞ�, K ¼ diagðk1, k2, :::, kTÞ is
a T�T diagonal matrix, and � is the Kronecker product,

YðnTÞ�1 ¼

y1
y2

..

.

yT

0
BBBB@

1
CCCCA,XðnTÞ�ðKTÞ ¼

X1 0 0 � � � 0 0
0 X2 0 � � � 0 0

..

.

0 0 0 � � � 0 XT

0
BBBB@

1
CCCCA

bðKTÞ�1 ¼

b1
b2
..
.

bT

0
BBBB@

1
CCCCA, �ðnTÞ�1 ¼

�1
�2

..

.

�T

0
BBBB@

1
CCCCA, lðnTÞ�1 ¼

l1
l2
..
.

lT

0
BBBB@

1
CCCCA
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Based on Models (2) and (3), we adopt the quasi-maximum likelihood method (QMLE)
to estimate h ¼ ðbs1, :::,bsT , k1, :::, kT , r2Þs: Under the assumption of normality, the log-
likelihood function (ignoring constants) is as follows:

LðhÞ ¼ � nT
2

log r2 þ
XT
t¼1

log jBtj � 1
2r2

lsl (4)

In order to derive the EL statistic of h, one can show that:

@LðhÞ=@b ¼ r�2XsBsl

@LðhÞ=@kt ¼ �trðWnB
�1
t Þ þ r�2lsðEtt �WnÞB�1l, t ¼ 1, :::,T

@LðhÞ=@r2 ¼ � nT
2r2

þ 1
2r4

lsl

where Ett is a T�T matrix of zeros, except the (t, t)-element which has the value 1.
Letting above derivatives be 0, we obtain the following estimating equations:

XsBsl ¼ 0 (5)

�r2trðWnB
�1
t Þ þ lsðEtt �WnÞB�1l ¼ 0, t ¼ 1, :::,T (6)

�nTr2 þ lsl ¼ 0 (7)

We observe that the above estimating equations include the quadratic forms of l. To
use the EL method, we need to change the quadratic forms into the linear forms of
well-behaved random variables such as martingale difference arrays. To this end, we let
Gnt ¼ ðEtt �WnÞB�1 and ~Gnt ¼ 1

2 ðGnt þ Gs
ntÞ: Use gij, t , ~g ij, t, and bi to denote the (i, j)

element of the matrix Gnt , the (i, j) element of the matrix ~Gnt , and the i-th column of
the matrix XsBs, respectively, and adapt the convention that any sum with an upper
index of less than one is zero. To deal with the quadratic form in (6), we follow
Kelejian and Prucha (2001) to introduce a martingale difference array. Let

eðnTÞ�1 ¼
e1
e2
..
.

enT

0
BBB@

1
CCCA ¼

l1
l2
..
.

lT

0
BBB@

1
CCCA

and define the r-fields: F 0 ¼ f;,Xg,F i ¼ rðe1, e2, :::, eiÞ, 1 � i � nT: Let

~Min ¼ ~g ii, tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, tej (8)

Then, F i�1 � F i, ~Min is F i� measurable and Eð ~MinjF i�1Þ ¼ 0: Thus, f ~Min,F i, 1 � i �
nTg form a martingale difference array and

ls~Gntl� r2trð~GntÞ ¼
XnT
i¼1

~Min (9)
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Based on (5)–(9), we propose the following EL ratio statistic for h 2 RðKþ1ÞTþ1 :

LnðhÞ ¼ sup
pi, 1�i�nT

YnT
i¼1

ðnTpiÞ

where fpig satisfy

pi 	 0, 1 � i � nT,
XnT
i¼1

pi ¼ 1

XnT
i¼1

pibiei ¼ 0

XnT
i¼1

pi ~g ii, 1ðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, 1ej

8<
:

9=
; ¼ 0

..

.

XnT
i¼1

pi ~g ii,Tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij,Tej

8<
:

9=
; ¼ 0

XnT
i¼1

piðe2i � r2Þ ¼ 0

Let

xiðhÞ ¼

biei

~g ii, 1ðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, 1ej

..

.

~g ii,Tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij,Tej

e2i � r2

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

fðKþ1ÞTþ1g�1

where ei is the i-th component of l ¼ BðY � XbÞ: Following Owen (1990), one can
show that:

‘ðhÞ¼̂ � 2 log LðhÞ ¼ 2
XnT
i¼1

log f1þ ksðhÞxiðhÞg (10)

where kðhÞ 2 RðKþ1ÞTþ1 is the solution of the following equation:

1
nT

XnT
i¼1

xiðhÞ
1þ ksðhÞxiðhÞ ¼ 0 (11)

Let �j ¼ Eej1, j ¼ 3, 4: Use VecðdiagAÞ to denote the vector formed by the diagonal ele-
ments of a matrix A and jjajj to denote the L2-norm of a vector a. Furthermore, Let 1n
stand for the n-dimensional (column) vector with 1 as its components. To obtain the
asymptotical distribution of ‘nðhÞ, we need following assumptions:
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A1. flti, t ¼ 1, :::,T, i ¼ 1, :::, ng, i.e., fei, i ¼ 1, :::, nTg are independent and identi-

cally distributed random variables with mean 0, variance r2 > 0, and Eje1j4þg1 < 1 for
some g1 > 0:
A2. Let Wn, fB�1

t , t ¼ 1, :::,Tg and fXt , t ¼ 1, :::,Tg be as described above. They sat-
isfy the following conditions:

i. The row and column sums of Wn and fB�1
t , t ¼ 1, :::,Tg are uniformly bounded

in absolute value;
ii. fXt , t ¼ 1, :::,Tg are uniformly bounded.

A3. There are constants cj > 0, j ¼ 1, 2, such that

0 < c1 � kmin ðnTÞ�1RðKþ1ÞTþ1

� �
� kmax ðnTÞ�1RðKþ1ÞTþ1

� �
� c2 < 1

where kminðHÞ and kmaxðHÞ denote the minimum and maximum eigenvalues of a
matrix H, respectively.

RðKþ1ÞTþ1 ¼ Rs
ðKþ1ÞTþ1 ¼ Cov

XnT
i¼1

xiðhÞ
( )

¼
R11 R12 R13


 R22 R23


 
 R33

0
@

1
A

fðKþ1ÞTþ1g�fðKþ1ÞTþ1g

(12)

where

R11 ¼ r2XsBsBX,R12 ¼ �3X
sBs Vecðdiag~Gn1Þ, :::,Vecðdiag ~GnTÞ
� �

R13 ¼ �3X
sBs1n,R22 ¼ 2r4Aþ ð�4 � 3r4Þ~A

R23 ¼ ð�4 � r4Þ trð~Gn1Þ, :::, trð~GnTÞ
� �s

,R33 ¼ nTð�4 � r4Þ
with

AT�T ¼ ðat1, t2Þ, at1, t2 ¼
XnT
i¼1

XnT
j¼1

~g ij, t1~g ij, t2 ,
~AT�T ¼ ð~at1, t2Þ, ~at1, t2 ¼

XnT
i¼1

~g ii, t1~g ii, t2

A4. n ! 1 but T is fixed.

Remark 1. Conditions A1–A3 are common assumptions for SAR models. For example,

A1 and A2 are used in Assumptions 1, 4, 5, and 6 in Lee (2004), and the analog of 0 <

c1 � kminððnTÞ�1RðKþ1ÞTþ1Þ (e.g., ðnTÞ�1r2~Q 	 c for some constant c> 0 in Lemma 2 in

this article) is employed in the assumption of Theorem 1 in Kelejian and Prucha (2001).

From Conditions A1 and A2, one can see that kmaxððnTÞ�1RðKþ1ÞTþ1Þ � c2 < 1: For the
sake of convince, we list this consequence of A1 and A2 as a part of A3.
We now state the main results.

Theorem 1. Suppose that Assumptions (A1)–(A4) are satisfied. Then under model (1), as
n ! 1,

‘nðhÞ!d v2ðKþ1ÞTþ1
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where v2ðKþ1ÞTþ1 is a chi-squared distributed random variable with ðK þ 1ÞT þ 1 degrees

of freedom.

Let zaððK þ 1ÞT þ 1Þ satisfy Pðv2ðKþ1ÞTþ1 � zaððK þ 1ÞT þ 1ÞÞ ¼ a for 0 < a < 1: It

follows from Theorem 1 that an EL-based confidence region for h with asymptotically
correct coverage probability a can be constructed as follows:

fh : ‘nðhÞ � zaððK þ 1ÞT þ 1Þg

3. Simulations

Let h ¼ ðbs1, :::,bsT , k1, :::, kT , r2Þs: According to Anselin (1988), when the error term fltig is
normally distributed, the likelihood ratio (LR): LRðh0Þ ¼ 2ðLðĥÞ � Lðh0ÞÞ is asymptotically
distributed as v2ðKþ1ÞTþ1 under the null hypothesis: h ¼ h0, where L is the corresponding

log-likelihood and ĥ is the MLE. It follows that the LR-based confidence region for h with
asymptotically correct coverage probability a can be constructed as follows:

fh : LRðhÞ � zaððK þ 1ÞT þ 1Þg
We note that the LR method requires to know the form of the distribution of the
population in study, while the EL method does not. This fact implies that the EL
method performs better than the LR method theoretically when the population dis-
tribution is not normal. Our following simulation results do confirm
this conclusion.
We conducted a small simulation study to compare the finite sample performances of

the confidence regions based on EL and LR methods with confidence level a ¼ 0:95,
and report the proportion of LRðh0Þ � z0:95ððK þ 1ÞT þ 1Þ and ‘nðh0Þ � z0:95ððK þ
1ÞT þ 1Þ respectively in 1000 replications, where h0 is the true value of h.
In the simulations, we used the following two models:

i. Model 1:
yt ¼ Xtbt þ �t , �t ¼ ktWn�t þ lt , t ¼ 1, 2, where X1 ¼ ðx11, x12, :::, x1nÞs, x1i ¼ i

nþ1 ,X2 ¼
ðx21, x22, :::, x2nÞs, x2i ¼ i

nþ5 , 1 � i � n, ðb1, b2Þ ¼ ð2:5, 3:5Þ, ðk1, k2Þ were taken as

ð�0:85, � 0:75Þ, ð�0:15, � 0:1Þ, ð0:15, 0:1Þ and ð0:85, 0:75Þ, respectively, lt ¼
ðlt1,lt2, :::,ltnÞs, t¼ 1, 2, and l0tis were i.i.d. from N(0, 1), t(5) and v24 � 4, respectively;

ii. Model 2:
yt¼Xtbtþ�t ,�t¼ktWn�tþlt ,t¼1,2 with X1¼ðx11,x12, :::,x1nÞs,x1i¼ð i

nþ1 ,1þ siniÞs,
X2¼ðx21,x22, :::,x2nÞs,x2i¼ð i

nþ5 ,2þ cos iÞs,1� i�n,b1¼ð1:5,1:0Þs,b2¼ð2,1:2Þs, ðk1,k2Þ
were taken as ð�0:85,�0:75Þ,ð�0:15,�0:1Þ,ð0:15,0:1Þ and ð0:85,0:75Þ, respectively,
lt¼ðlt1,lt2, :::,ltnÞs, t¼1, 2, and l0tis were i.i.d. from N(0, 1), t(5) and v24�4,
respectively.
The results of simulations under Model 1 are reported in Tables 1–3, and the results

of simulations under Model 2 are reported in Tables 4–6.
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For the contiguity weight matrix Wn ¼ ðWijÞ, we took Wij ¼ 1 if spatial units i and j
are neighbors by queen contiguity rule (namely, they share common border or vertex),
Wij ¼ 0 otherwise (Anselin 1988, 18). Firstly, we considered three ideal cases of spatial
units: n ¼ m�m regular grid with m ¼ 7, 10, 13, 16, 20, denoting Wn as grid49, grid100,
grid169, grid256, and grid400, respectively. Secondly, we used the weight matrix W49 related
to 49 contiguous planning neighborhoods in Columbus, Ohio, United States, which
appeared in Anselin (1988, 187). Thirdly, Wn ¼ I5 �W49 was considered, where � is
Kronecker product. This corresponds to the pooling of five separate districts with similar
neighboring structures in each district.
A transformation is often used in applications to convert the matrix Wn to the unity

of row sums. We used the standardized version of Wn in our simulations, namely Wij

was replaced by Wij=
Pn

j¼1 Wij:

Simulation results under Model 1 show that the confidence regions based on LR behave
well with coverage probabilities very close to the nominal level 0.95 when the error term �i
is normally distributed and n is large, but not well in other cases. The coverage probabil-
ities of the confidence regions based on LR fall to the range [0.800, 0.854] for t distribution
and [0.808, 0.864] for v2 distribution, which are far from the nominal level 0.95.
Simulation results under Model 2 are similar to those under Model 1.
We can see, from Tables 1–6, that the confidence regions based on EL method con-

verge to the nominal level 0.95 as the number of spatial units n is large enough,
whether the error term �i is normally distributed or not. Our simulation results recom-
mend EL method when we are not sure whether the errors are normally distributed.

4. Proofs

In the proof of the main results, we need to use Theorem 1 in Kelejian and Prucha
(2001). We now state this result. Let

~Qn ¼
Xn
i¼1

Xn
j¼1

anij�ni�nj þ
Xn
i¼1

bni�ni

Table 1. Coverage probabilities of the LR and EL confidence regions with �i � Nð0, 1Þ under
Model 1.
ðk1, k2Þ Wn LR EL ðk1, k2Þ Wn LR EL

(�0.85, �0.75) grid49 0.928 0.863 (�0.15, �0.1) grid49 0.930 0.857
grid100 0.941 0.911 grid100 0.930 0.893
grid169 0.956 0.942 grid169 0.933 0.909
grid256 0.948 0.937 grid256 0.962 0.948
grid400 0.950 0.940 grid400 0.955 0.944
W49 0.934 0.858 W49 0.933 0.861
I5 �W49 0.942 0.928 I5 �W49 0.944 0.934

(0.85, 0.75) grid49 0.910 0.815 (0.15, 0.1) grid49 0.922 0.847
grid100 0.924 0.895 grid100 0.938 0.911
grid169 0.930 0.914 grid169 0.950 0.926
grid256 0.947 0.929 grid256 0.933 0.924
grid400 0.952 0.941 grid400 0.945 0.944
W49 0.944 0.859 W49 0.919 0.836
I5 �W49 0.961 0.947 I5 �W49 0.951 0.942
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Table 2. Coverage probabilities of the LR and EL confidence regions with �i � tð5Þ under Model 1.
ðk1, k2Þ Wn LR EL ðk1, k2Þ Wn LR EL

(�0.85, �0.75) grid49 0.838 0.782 (�0.15, �0.1) grid49 0.818 0.763
grid100 0.817 0.832 grid100 0.814 0.843
grid169 0.832 0.870 grid169 0.800 0.859
grid256 0.816 0.886 grid256 0.825 0.883
grid400 0.830 0.901 grid400 0.836 0.911
W49 0.823 0.767 W49 0.832 0.769
I5 �W49 0.838 0.903 I5 �W49 0.838 0.905

(0.85, 0.75) grid49 0.803 0.730 (0.15, 0.1) grid49 0.818 0.766
grid100 0.809 0.831 grid100 0.843 0.867
grid169 0.806 0.850 grid169 0.818 0.882
grid256 0.816 0.868 grid256 0.833 0.902
grid400 0.854 0.903 grid400 0.824 0.909
W49 0.834 0.771 W49 0.817 0.761
I5 �W49 0.803 0.869 I5 �W49 0.840 0.890

Table 3. Coverage probabilities of the LR and EL confidence regions with �i þ 4 � v24 under
Model 1.
ðk1, k2Þ Wn LR EL ðk1, k2Þ Wn LR EL

(�0.85, �0.75) grid49 0.833 0.807 (�0.15, �0.1) grid49 0.821 0.797
grid100 0.833 0.861 grid100 0.849 0.866
grid169 0.838 0.884 grid169 0.833 0.877
grid256 0.850 0.904 grid256 0.842 0.901
grid400 0.854 0.914 grid400 0.854 0.905
W49 0.833 0.789 W49 0.837 0.789
I5 �W49 0.840 0.898 I5 �W49 0.861 0.892

(0.85, 0.75) grid49 0.808 0.732 (0.15, 0.1) grid49 0.822 0.763
grid100 0.829 0.821 grid100 0.853 0.873
grid169 0.818 0.862 grid169 0.829 0.883
grid256 0.864 0.901 grid256 0.839 0.888
grid400 0.864 0.917 grid400 0.862 0.922
W49 0.841 0.768 W49 0.826 0.785
I5 �W49 0.830 0.891 I5 �W49 0.841 0.891

Table 4. Coverage probabilities of the LR and EL confidence regions with �i � Nð0, 1Þ under
model 2.
ðk1, k2Þ Wn LR EL ðk1, k2Þ Wn LR EL

(�0.85, �0.75) grid49 0.937 0.830 (�0.15, �0.1) grid49 0.927 0.809
grid100 0.932 0.893 grid100 0.934 0.895
grid169 0.950 0.937 grid169 0.934 0.906
grid256 0.943 0.924 grid256 0.942 0.937
grid400 0.967 0.951 grid400 0.946 0.939
W49 0.935 0.832 W49 0.935 0.819
I5 �W49 0.958 0.935 I5 �W49 0.951 0.933

(0.85, 0.75) grid49 0.870 0.734 (0.15, 0.1) grid49 0.906 0.789
grid100 0.915 0.875 grid100 0.940 0.893
grid169 0.924 0.904 grid169 0.925 0.905
grid256 0.940 0.919 grid256 0.947 0.941
grid400 0.940 0.926 grid400 0.938 0.929
W49 0.919 0.794 W49 0.931 0.797
I5 �W49 0.947 0.924 I5 �W49 0.937 0.923
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where �ni are real-valued random variables, and the anij and bni denote the real-valued coef-
ficients of the linear quadratic form. We need the following assumptions in Lemma 2.
(C1) f�ni, 1 � i � ng are independent random variables with mean 0 and

sup1�i�n, n	1 Ej�nij4þg1 < 1 for some g1 > 0:

(C2) For all 1 � i, j � n, n 	 1, anij ¼ anji, sup1�j�n, n	1

Pn
i¼1 janijj < 1, and

supn	1 n
�1Pn

i¼1 jbnij2þg2 < 1 for some g2 > 0:

Given above assumptions (C1) and (C2), the mean and variance of ~Qn are given as
follows (e.g., Kelejian and Prucha 2001):

� ~Q ¼
Xn
i¼1

aniir
2
ni

r2~Q ¼ 2
Xn
i¼1

Xn
j¼1

a2nijr
2
nir

2
nj þ

Xn
i¼1

b2nir
2
ni

þ
Xn
i¼1

fa2niiðlð4Þni � 3r4niÞ þ 2bnianiil
ð3Þ
ni g

(13)

with r2ni ¼ Eð�2niÞ and lðsÞni ¼ Eð�sniÞ for s¼ 3, 4.

Table 5. Coverage probabilities of the LR and EL confidence regions with �i � tð5Þ under model 2.
ðk1, k2Þ Wn LR EL ðk1, k2Þ Wn LR EL

(�0.85, �0.75) grid49 0.840 0.707 (�0.15, �0.1) grid49 0.812 0.695
grid100 0.847 0.855 grid100 0.835 0.829
grid169 0.829 0.851 grid169 0.830 0.861
grid256 0.827 0.875 grid256 0.849 0.883
grid400 0.818 0.900 grid400 0.817 0.899
W49 0.843 0.693 W49 0.827 0.710
I5 �W49 0.827 0.871 I5 �W49 0.847 0.885

(0.85, 0.75) grid49 0.769 0.635 (0.15, 0.1) grid49 0.803 0.679
grid100 0.792 0.771 grid100 0.821 0.809
grid169 0.784 0.813 grid169 0.812 0.853
grid256 0.825 0.867 grid256 0.816 0.864
grid400 0.836 0.872 grid400 0.808 0.875
W49 0.820 0.660 W49 0.812 0.696
I5 �W49 0.846 0.887 I5 �W49 0.845 0.896

Table 6. Coverage probabilities of the LR and EL confidence regions with �i þ 4 � v24 under model 2.
ðk1, k2Þ Wn LR EL ðk1, k2Þ Wn LR EL

(�0.85, �0.75) grid49 0.796 0.723 (�0.15, �0.1) grid49 0.805 0.691
grid100 0.841 0.832 grid100 0.839 0.839
grid169 0.837 0.856 grid169 0.837 0.862
grid256 0.864 0.904 grid256 0.851 0.889
grid400 0.853 0.900 grid400 0.857 0.906
W49 0.812 0.721 W49 0.831 0.735
I5 �W49 0.852 0.885 I5 �W49 0.860 0.899

(0.85, 0.75) grid49 0.774 0.638 (0.15, 0.1) grid49 0.800 0.679
grid100 0.811 0.807 grid100 0.812 0.810
grid169 0.802 0.818 grid169 0.832 0.846
grid256 0.854 0.880 grid256 0.857 0.889
grid400 0.855 0.898 grid400 0.858 0.895
W49 0.808 0.688 W49 0.801 0.684
I5 �W49 0.831 0.859 I5 �W49 0.842 0.868
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Lemma 1. Suppose that assumptions C1 and C2 hold true and n�1r2~Q 	 c for some
constant c> 0. Then

~Qn � � ~Q

r~Q
!d Nð0, 1Þ

Proof. See Theorem 1 in Kelejian and Prucha (2001).

Lemma 2. Let g1, g2, :::, gn be a sequence of stationary random variables, with Ejg1js < 1
for some constants s> 0. Then

max
1�i�n

jgij ¼ oðn1=sÞ, a:s:

Proof. Using Borel–Cantelli lemma and following the proof of (2.3) in Owen (1990),
one can prove Lemma 2, where there is no need to assume that g1, g2, :::, gn are in-
dependent in using Borel–Cantelli lemma.

Lemma 3. Suppose that assumptions (A1)–(A4) are satisfied. Then as n ! 1,

Zn ¼ max
1�i�nT

jjxiðhÞjj ¼ opððnTÞ2=ð4þg1ÞÞ a:s: (14)

R�1=2
ðKþ1ÞTþ1

XnT
i¼1

xiðhÞ!d Nð0, IðKþ1ÞTþ1Þ (15)

ðnTÞ�1
XnT
i¼1

xiðhÞxs
i ðhÞ ¼ ðnTÞ�1RðKþ1ÞTþ1 þ opð1Þ (16)

XnT
i¼1

jjxiðhÞjj3 ¼ OpðnT2Þ (17)

Proof. Note that

Zn � max
1�i�nT

�
max

1�i�nT
jjbieijj, max

1�i�nT

����~g ii, 1ðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, 1ej

����, :::
max

1�i�nT

����~g ii,Tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij,Tej

����, max
1�i�nT

je2i � r2j
�
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By Conditions A1 and A2 and Lemma 2, we have:

max
1�i�nT

jjbieijj ¼ max
1�i�nT

jjbijjopððnTÞ1=ð4þg1ÞÞ ¼ opððnTÞ1=ð4þg1ÞÞ

max
1�i�nT

j~g ii, tðe2i � r2Þj ¼ max
1�i�nT

j~g ii, tjopððnTÞ2=ð4þg1ÞÞ ¼ opððnTÞ2=ð4þg1ÞÞ

max
1�i�nT

ei
Xi�1

j¼1

~g ij, tej

�����
����� � ð max

1�i�nT
jeijÞ2

max
1�i�nT

Xi�1

j¼1

j~g ij, tj
0
@

1
A ¼ opððnTÞ2=ð4þg1ÞÞ, 1 � t � T

max
1�i�nT

je2i � r2j ¼ opððnTÞ2=ð4þg1ÞÞ

Thus, Zn ¼ opððnTÞ2=ð4þg1ÞÞ: (14) is proved.
For any given l ¼ ðls1, l2, :::, lTþ1, lTþ2Þs 2 RðKþ1ÞTþ1 with jjljj ¼ 1, where l1 2

RKT , l2, :::, lTþ1, lTþ2 2 R: Then,

lsxiðhÞ ¼ ls1biei þ
XT
t¼1

ltþ1f~g ii, tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, tejg þ lTþ2ðe2i � r2Þ

¼ ð
XT
t¼1

ltþ1~g ii, t þ lTþ2Þðe2i � r2Þ þ 2ei
Xi�1

j¼1

ð
XT
t¼1

ltþ1~g ij, tÞej þ ls1biei:

Thus,

XnT
i¼1

lsxiðhÞ ¼
XnT
i¼1

XT
t¼1

ltþ1~g ii, t þ lTþ2

 !
ðe2i � r2Þ

þ 2
XnT
i¼1

Xi�1

j¼1

XT
t¼1

ltþ1~g ij, t

 !
eiej þ

XnT
i¼1

ls1biei

Let

Qn ¼
XnT
i¼1

XnT
j¼1

uijeiej þ
XnT
i¼1

viei

where

uii ¼
XT
t¼1

ltþ1~g ii, t þ lTþ2, uij ¼
XT
t¼1

ltþ1~g ij, t, vi ¼ ls1bi

To obtain the asymptotic distribution of Qn, we need to check Condition C2. From
Condition A2 (i), it can be shown that:

XnT
i¼1

juijj �
XnT
i¼1

XT
t¼1

jltþ1~g ij, tj þ jlTþ2j � C (18)
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Further,

ðnTÞ�1
XnT
i¼1

jvij3 ¼ ðnTÞ�1
XnT
i¼1

jls1bij3

� C max
1�i�nT

jjxijj3 max
1�i�nT

ð
XnT
k¼1

jaikjÞ3 � C

(19)

where aki is the (k, i)-element of B. From (18) and (19), it follows that

ðnTÞ�1PnT
i¼1 jvij3 � C: Therefore, Condition C2 is satisfied.

We now derive the variance of Qn. Let di be the unit vector in the i-th coordinate
direction. It can be shown that:

XnT
i¼1

XnT
j¼1

u2ij ¼
XnT
i¼1

�	XT
t¼1

ltþ1~g ii, t þ lTþ2


2

þ
X
i6¼j

	XT
t¼1

ltþ1~g ij, t


2�

¼
XnT
i¼1

�	XT
t¼1

ltþ1~g ii, t


2

þ 2

	XT
t¼1

ltþ1~g ii, t



lTþ2 þ l2Tþ2 þ

X
i 6¼j

	XT
t¼1

ltþ1~g ij, t


2�

¼ 2
XT
t¼1

ltþ1lTþ2

	XnT
i¼1

~g ii, t



þ nTl2Tþ2 þ

XnT
i¼1

XnT
j¼1

XT
t¼1

l2tþ1~g
2
ij, t

þ 2
XnT
i¼1

XnT
j¼1

X
t1 6¼t2

lt1þ1lt2þ1~g ij, t1~g ij, t2

¼ 2
XT
t¼1

ltþ1lTþ2trð~GntÞ þ nTl2Tþ2 þ~l
s
A~l

where ~l ¼ ðl2, :::, lTþ1Þs, and
P

i, j ~g ij, t1~g ij, t2 is the (t1, t2)-element of A.

XnT
i¼1

u2ii ¼
XnT
i¼1

XT
t¼1

ltþ1~g ii, t þ lTþ2

 !2

¼
XT
t¼1

l2tþ1

XnT
i¼1

~g 2ii, t

 !
þ 2

X
t1 6¼t2

lt1þ1lt2þ1

XnT
i¼1

~g ii, t1~g ii, t2

 !

þ 2
XT
t¼1

ltþ1lTþ2

XnT
i¼1

~g ii, t

 !
þ nTl2Tþ2

¼ ~l
s~A~l þ 2lTþ2

XT
t¼1

ltþ1trð~GntÞ þ nTl2Tþ2

where
PnT

i¼1 ~g ii, t1~g ii, t2 is the (t1, t2)-element of ~A:
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XnT
i¼1

v2i ¼
XnT
i¼1

ðls1biÞ2 ¼ ls1
XnT
i¼1

bib
s
i

 !
l1 ¼ ls1

XnT
i¼1

XsBsdid
s
i BX

 !
l1

¼ ls1X
sBs

XnT
i¼1

did
s
i

 !
BXl1 ¼ ls1X

sBsBXl1

and that XnT
i¼1

uiivi ¼
XnT
i¼1

XT
t¼1

ltþ1~g ii, t þ lTþ2

 !
ls1bi

¼
XT
t¼1

ltþ1ð
XnT
i¼1

~g ii, t l
s
1biÞ þ lTþ2

XnT
i¼1

ðls1biÞ

¼
XT
t¼1

ltþ1l
s
1X

sBsVecðdiag~GntÞ þ ls1X
sBs1nlTþ2

where 1n is the n-dimensional vector with 1 as its components. It follows from (13) that
the variance of Qn is as follows:

r2Q ¼ 2
XnT
i¼1

XnT
j¼1

u2ijr
4 þ

XnT
i¼1

v2i r
2 þ

XnT
i¼1

fu2iið�4 � 3r4Þ þ 2uiivi�3g

¼ 2r4f2
XT
t¼1

ltþ1lTþ2trð~GntÞ þ nTl2Tþ2 þ~l
s
A~lg þ r2ls1X

sBsBXl1

þ ð�4 � 3r4Þf~ls~A~l þ 2lTþ2

XT
t¼1

ltþ1trð~GntÞ þ nTl2Tþ2g

þ 2�3f
XT
t¼1

ltþ1l
s
1X

sBsVecðdiag~GntÞ þ ls1X
sBs1nlTþ2g

¼ lsRðKþ1ÞTþ1l

where RðKþ1ÞTþ1 is given in (12). From Condition A3, one can see that ðnTÞ�1r2Q 	
c1 > 0: From Lemma 1, we have the following:

Qn � EðQnÞ
rQ

!d Nð0, 1Þ

Noting that Qn � EðQnÞ ¼
PnT

i¼1 l
sxiðhÞ, we thus have (15).

Next we will prove (16), that is,

ðnTÞ�1
XnT
i¼1

ðlsxiðhÞÞ2 ¼ ðnTÞ�1r2Q þ opð1Þ (20)

Let
Min ¼ lsxiðhÞ

¼ uiiðe2i � r2Þ þ 2
Xi�1

j¼1

uijeiej þ viei

¼ uiiðe2i � r2Þ þ Riei,

(21)
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where Ri ¼ 2
Pi�1

j¼1 uijej þ vi: Let F 0 ¼ f;,Xg,F i ¼ rðe1, e2, :::, eiÞ, 1 � i � nT: Then

fMin,F i, 1 � i � nTg form a martingale difference array. Note that

ðnTÞ�1
XnT
i¼1

flsxiðhÞg2 � ðnTÞ�1r2Q ¼ ðnTÞ�1
XnT
i¼1

ðM2
in � EM2

inÞ

¼ ðnTÞ�1
XnT
i¼1

fM2
in � EðM2

injF i�1Þ þ EðM2
injF i�1Þ � EM2

ing

¼ ðnTÞ�1Sn1 þ ðnTÞ�1Sn2

(22)

where Sn1¼
PnT

i¼1fM2
in�EðM2

injF i�1Þg,Sn2¼
PnT

i¼1fEðM2
injF i�1Þ�EM2

ing: Next we will prove
ðnTÞ�1Sn1¼opð1Þ (23)

and

ðnTÞ�1Sn2¼opð1Þ (24)

It suffices to prove ðnTÞ�2EðS2n1Þ ! 0 and ðnTÞ�2EðS2n2Þ ! 0 respectively. Obviously,

M2
in ¼ u2iiðe2i � r2Þ2 þ R2

i e
2
i þ 2uiiRiðe2i � r2Þei

Thus

EðM2
injF i�1Þ ¼ u2iiEðe2i � r2Þ2 þ R2

i r
2 þ 2uiiRi�3

It follows that:

ðnTÞ�2EðS2n1Þ ¼ ðnTÞ�2
XnT
i¼1

EfM2
in � EðM2

injF i�1Þg2

¼ ðnTÞ�2
XnT
i¼1

E½u2iifðe2i � r2Þ2 � Eðe2i � r2Þ2g þ R2
i ðe2i � r2Þ

þ 2uiiRiðe3i � r2ei � �3Þ�2

� CðnTÞ�2
XnT
i¼1

E½u4iifðe2i � r2Þ2 � Eðe2i � r2Þ2g2�

þ CðnTÞ�2
XnT
i¼1

EfR4
i ðe2i � r2Þ2g

þ CðnTÞ�2
XnT
i¼1

Efu2iiR2
i ðe3i � r2ei � �3Þ2g

(25)

By Conditions A1 and A2, we have the following:

ðnTÞ�2
XnT
i¼1

E u4iifðe2i � r2Þ2 � Eðe2i � r2Þ2g2
h i

� CðnTÞ�2
XnT
i¼1

u4ii � CðnTÞ�2
XnT
i¼1

j
XT
t¼1

ltþ1~g ii, t þ lTþ2j4

� CðnTÞ�2
XnT
i¼1

XT
t¼1

jltþ1~g ii, t þ lTþ2j4 � Cn�1 ! 0

(26)

and
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ðnTÞ�2
XnT
i¼1

EfR4
i ðe2i � r2Þ2g � CðnTÞ�2

XnT
i¼1

Eð
Xi�1

j¼1

uijej þ viÞ4

� CðnTÞ�2
XnT
i¼1

Eð
Xi�1

j¼1

uijejÞ4 þ CðnTÞ�2
XnT
i¼1

v4i

� CðnTÞ�2
XnT
i¼1

Xi�1

j¼1

u4ij�4 þ CðnTÞ�2
XnT
i¼1

ð
Xi�1

j¼1

u2ijr
2Þ2 þ CðnTÞ�2

XnT
i¼1

ðls1biÞ4

� CðnTÞ�2
XnT
i¼1

Xi�1

j¼1

XT
t¼1

jltþ1~g ij, tj4 þ CðnTÞ�2
XnT
i¼1

Xi�1

j¼1

XT
t¼1

jltþ1~g ij, tj2
0
@

1
A

2

þCðnTÞ�2
XnT
i¼1

ðls1biÞ4 � Cn�1 ! 0

(27)

Similarly,

ðnTÞ�2
XnT
i¼1

Efu2iiR2
i ðe3i � r2ei � �3Þ2g ! 0 (28)

From (25)–(28), we have ðnTÞ�2EðS2n1Þ ! 0: Furthermore,

EðM2
inÞ ¼ EfEðM2

injF i�1Þg ¼ u2iiEðe2i � r2Þ2 þ r2EðR2
i Þ þ 2uii�3EðRiÞ

¼ u2iiEðe2i � r2Þ2 þ r2ð4
Xi�1

j¼1

u2ijr
2 þ v2i Þ þ 2uii�3vi

Thus,

ðnTÞ�2EðS2n2Þ ¼ ðnTÞ�2E½
XnT
i¼1

fEðM2
injF i�1Þ � EM2

ing�2

¼ ðnTÞ�2E½
XnT
i¼1

fR2
i r

2 � r2ð4
Xi�1

j¼1

u2ijr
2 þ v2i Þ þ 2uii�3ðRi � viÞg�2

¼ ðnTÞ�2
XnT
i¼1

E½r2fð2
Xi�1

j¼1

uijejÞ2 � 4
Xi�1

j¼1

u2ijr
2g þ 4ð

Xi�1

j¼1

uijejÞvir2

þ2uii�3ð2
Xi�1

j¼1

uijejÞ�2

� CðnTÞ�2
XnT
i¼1

Efr2ð
Xi�1

j¼1

uijejÞ2 �
Xi�1

j¼1

u2ijr
2g2

þCðnTÞ�2
XnT
i¼1

Efð
Xi�1

j¼1

uijejÞvir2g2

þCðnTÞ�2
XnT
i¼1

Ef2uii�3ð
Xi�1

j¼1

uijejÞg2

(29)
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Note that

ðnTÞ�2
XnT
i¼1

E r2fð
Xi�1

j¼1

uijejÞ2 �
Xi�1

j¼1

u2ijr
2g

2
4

3
5
2

� ðnTÞ�2r4
XnT
i¼1

Eð
Xi�1

j¼1

uijejÞ4

� CðnTÞ�2
XnT
i¼1

Xi�1

j¼1

u4ij�4 þ CðnTÞ�2
XnT
i¼1

ð
Xi�1

j¼1

u2ijr
2Þ2

� Cn�1 ! 0

(30)

ðnTÞ�2
XnT
i¼1

Efð
Xi�1

j¼1

uijejÞvir2g2 ¼ ðnTÞ�2r6
XnT
i¼1

v2i
Xi�1

j¼1

u2ij

� CðnTÞ�2 ! 0

(31)

and

ðnTÞ�2
XnT
i¼1

Ef2uii�3ð
Xi�1

j¼1

uijejÞg2 ¼ 4�23r
2ðnTÞ�2

XnT
i¼1

u2ii
Xi�1

j¼1

u2ij

� CðnTÞ�1 ! 0

(32)

where we have used Conditions A1 and A2. From (29)–(32), we have ðnTÞ�2ES2n2 ! 0:
The proof of (20) is thus complete.
Finally, we will prove (17). Note that

XnT
i¼1

EjjxiðhÞjj3 �
XnT
i¼1

Ejjbieijj3 þ
XT
t¼1

XnT
i¼1

Ej~g ii, tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, tejj3

þ
XnT
i¼1

Eje2i � r2j3:
(33)

By Conditions A1 and A2,XnT
i¼1

Ejjbieijj3 � CnTð max
1�i�nT

jjxijjÞ3Eje1j3 ¼ OðnTÞ (34)

XnT
i¼1

E ~g ii, tðe2i � r2Þ þ 2ei
Xi�1

j¼1

~g ij, tej

�����
�����
3

� C
XnT
i¼1

Ej~g ii, tðe2i � r2Þj3 þ C
XnT
i¼1

E 2ei
Xi�1

j¼1

~g ij, tej

�����
�����
3

� C
XnT
i¼1

Ej~g ii, tðe2i � r2Þj3 þ C
XnT
i¼1

Ejeij3
Xi�1

j¼1

Ej~g ij, tejj3

þC
XnT
i¼1

Ejeij3
Xi�1

j¼1

Eð~g ij, tejÞ2
8<
:

9=
;

3=2

¼ OðnTÞ

(35)
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XnT
i¼1

Eje2i � r2j3 ¼ OðnTÞ (36)

From (33)–(36), we have

XnT
i¼1

EjjxiðhÞjj3 ¼ OðnTÞ (37)

Further, using (37) and Markov inequality, we obtain
PnT

i¼1 jjxiðhÞjj3 ¼ OpðnT2Þ: Thus
(17) is proved.

Proof of Theorem 1. Using Lemma 3 and following the proof of Theorem 1 in Qin
(2019), one can easily show that Theorem 1 holds true.
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