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BE XMTHIE REZIPHELTHF E&HEFLT, XEEXT “R/PAR I
it RS REA S R/MART Z TH] A K B B A R AT HE R R Rk, X A BT RE
A7 BB 2 R 7 A R B R [0 A, AR 98 T B L A B0 HE 7 07 %5 — . Wilcoxon-Mann-
Whitney Bt S 1) 2l mAEHE. SHMUBRRIEMWL, FEREAKBET 246, F
%, BT R, FIRTRE RAFN A TR/ ANV ERE & ik b XEIEHX
BELATRERBRRTHEFLSARES A RE-—EFHMKREATIER T ZRERSE
RAFH 3. BUE AT 4 SRR, X T AR B RS AL E SRR T HEN AR E, i
A e B AT A AR

KEF HEWREEAR, M EZE Wilcoxon-Mann-Whitney &k F14 5.

MR(2000) =EA%ES 62G10, 62G20

Rank-Sum Tests for Two-Sample Location Parameter with High
Dimensional Data

QIU Tao® WU Wengi! XU Wanglit?

(1. School of Statistics, Renmin University of China, Beijing 100872;
2. Center for Applied Statistics, Renmin University of China, Beijing 100872)

Abstract It is simple to sort the sample for univariate data. In this paper, we
define the “minimum vector” and rank the high-dimensional data by comparing the
Fuclidean distance between each sample and the “minimum vector”. For checking the
adequacy whether the two-sample location parameter with high dimension is equal,
the one-dimensional Wilcoxon Mann Whitney rank sum test is extended to the high-
dimensional case according to the proposed data sorting method. Compared with
other existing methods, the proposed test is distribution free and can be applied to
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high-dimension, low-sample-size situations. What’s more, the new approach has the
property of translation and scale invariance. In theory, we prove that the proposed
statistic is normal distribution asymptotically under null hypothesis. The behavior
of the test under alternative hypothesis is also investigated under some weakly condi-
tions. The numerical analysis show that the proposed test is superior to the compared
statistics in almost all scenarios.

Keywords High dimensional two-sample, location parameter, Wilcoxon-Mann-Whitney

rank-sum test.

1 5]

B p B = (X1, Xo, -, Xp)TMy= .Y, )T 25N F 5G4
fi, KR F 5 G BRAWELERE, HHR F(z) = Glo — w). 230 1) B AE B4k
My RESZBEMARNBAT BREEMNINAESEESEESR IRE

HO :u:OpXI; H1 2’u,7£0p><1, (11)

Hitw = (ur,uo,- - up)t, Opr B p EEME WEKMNESPRRBHHERRIT% P&
B A BF 5 [0 2 — (Lehmann # Romanol!)), FF7EEYE B %, HFRK. F50HE, X
g, SRMEFEGEZHMN. B, ERARBEEEFTF, Barry % 2 @ HEKA
AFRAR MR TR EE DERRATHREZ NERRENER.

Gp=18 FaMyRINESHA LREBRELATEMSFHELT, WEEEH
FMak 200 %A UREM (A% 78 80IE SRR AW R 5 E S5 10 R H 6
AZ S BT B LIRS, Wilcoxon® 38 1 B BEA BRAIAL K; Mann A1 Whitney™ ¥i%
ZERMET B AR AR A BRSO Brown Al Mood ™! F F e A7 301 B 91 50 5 ) 51 71 8
AL E S B2 R, Van der Warden'® £ T IES B4R 1, 18 13 K B4 8 B B 1E B 2L
A DA AR S LR B TS A B R AL A

W > 2 B, Wald fl Wolfowitz!”, Chatterjee 1 Sen® Puri il Sen® Méttonen
Ojal'yl YA & Choi Ml Marden!'? & X THALEGANMRFENF S BELEHSBHFS
RBK A RFE BT BH LTS, Chakraborty Ml Chaudhuril'® 4 BT E G552
F B T 2 HRE4ERFEAR Mann-Whitney-Wilcoxon BeFIAL %, {HiX 8 A Z 055 A
A5 Hg, W BE Bickel™ #5 M, f0 A5 BB B A 06, X B A 1 #9 B 0K KB B TR Brown
Hettmansperger!'®l | Hettmansperger il Ojal'™ fl Hettmansperger % 18] B L, YN X #F &
LRBRBHEFE BETEOAREARERAKRR S FSRE, Randles! T HT
XX RWE TP AR SRR, X800 E 075 AZE EXEhh st EF A%
BY LS8 EafiTk BNELSRA LXMW, SHEH L4 X, Liu A Singh?% 12
BB REE € LT EBEW A7 R 8 B B 1847, 3F DU H8 A7 %F Wilcoxon B A1 1o fil = 4
B BB EEBRMEE. Rosenbaum ! 3 H BT 32 B4 40 47 89 A7 5 K 50 AR 21
HEREORERR REXWHTIERGHHAEE FECE KT S5 15 5
P, HXP T EBTERENREARIE £ DEABEENNRRECRAE J—FH,
Friedman ] Rafsky®? BT £ /M E BB Wald-Wolfowitz i 2R % . Kolmogorov-Smirnov

mp
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KimZ s 24 H; Mondal 58 P &0 T B A3 0 5 48 P R AR 7] 43 A7 AL 5 Biswas
% DU AR RENE R ERR SRS RER XX R A EE TR R LR
BB T SRS AT R R B, U E=F8 R 8 R B ML BN E R
SHHEW, EREHERELERRRNAESHRGRENBRIIA 2R T —
B 09 T E RO HE P 07 ¥k, 2 SO “BUMRRY W HEF Ok, SRR T I HE T 07 Rk X R A e F
J %, H Wilcoxon-Mann-Whitney Befl 0 $o 4RI M4 ML, BT B/ A& BHFI A
B BN AL B &2 T8 8 B B AT 8T, B B Bk AT —
BWFR. MEBASUEHI KT, RIET ZSBRETH. WHBEAEE FAR, &T
Wilcoxon-Mann-Whitney B K 8945, BT 38 th 898 5 07 36 5 BRI A7 Fo 5%, T H 4 #E 4
ELHERH @ 7w i F R R WA, RS v R AR R BT 8 AT HR R AR
LS. B, BN R AREFW AR, 2T ERBENEETBEN THRARZZ M T
BRI

2 EF “RImE HFNERSEITE

2.1 EF “RIEAE” HIFERBKHE X
B {z = (X, Xao, - Xip)Ti = 1,2, o} M {y; = (Y, Yo, Ygp)Tog =
L2, o} AR B = 1y B p gEMSLAEAR. BB X« R/DHE 20,
zo = (Zov, Zoz, -+, Zop) (2.1)

A Zor = min{Xur, Xop -, Xnyr, Yir, Yor -+ Your b = 1,2, . “B/DAER” HEFRER
TEEEL B ENEAEL SRR 20 Z HE KB R #EST/DEORR HEF, dEm R T &
AHEAN R B EX B RADFE 20 EAZSRARET “RAOME HFHTELH
— R REBERDMETHF AN AR, B/ AR AR K LAT
Bhozo ‘R B9 R/RBAR RBFE —, AT K EARMCESHHRN S S SRA
iy B K B A S 1 L, RE T AR IESE 23R B S 2 A B LI BT R T 9 B 2 R

2.2 RBRFITE
& X
Z; = &y, i:1,2,---,n1, Zitn — Yy, j:1525"';n2' (22)

B HREEMER {2,i = 1,2, ,ny +no} ASRA 20 WEBRIKEH, 121E (|20 — 20]|.
RE BREMEANVHKRKEZH/DMERHFETHETF BEG—IMHE 2, &K 2R
{Ri,i=1,2,-- ,mytno}. TR HHFIERE FAMEESNBRMNNT =W, =312 R,
B BHE B T AR R E R RS- T = {nina(m +n0+1)/12} 2 {T —ny(na +na+1)/2}.
ENLEE mEAWBKSAEEMESENER RaBREITRE T 0E IR KSE R /D
B Rz, mEFEREEL PW ARG FAEEMESHER BahREHE T HES
b T E RN BN, 4 T B B TR EE A TN, WA B e T A R AR
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3 RERSETENHEMR

AR R G T 78RR BBSL R4, U R IER % . e 7T, B
Sl e R AR BT B A 4 A B AR 1
8124 0,10 o000, BHny/(n +n2) > A0< A< L.
S 1 RPREAK R E AL KA BRWREARE LEE. ERMBBRBSLH
FOT MTEHE 1SN TRES T EHIEER.
EIE 1 R LR MY ny — o0o,n0 — oo HIRBYE Ho ROLBI&BT, B T A
e S4B A W LE 25 43 A
i FRBE Ho WAL W« 5 y ML 44, BT AR {z, = (X, Xao, -+, Xip) T,
i=1,2 m} A {yy = Vi, Yoo, oo Yip)T0d = 1,2, mo} BTRERERY BRK B F — 43 4, HL
2
PR, =k)=1/(n1+n2), k=1,2,--+ ,n1+no,
PR; =k R;=10)=1/{(n1 +n2)(n1 +n2— 1)}, 1<k#1<n;+nos. (3.1)
HEEETREEE,
E(T)=n1(n1 +n2+1)/2, var(T)=ninz(n1 +n2+1)/12,
cov(R;,R;) = —(n1 +na+1)/12, 1<i#j<ni+no. (3.2)
i (3.1)-(3.2) K, T Mann Fl Whitney 5 4 373 B AR 3 40 7 124k 53 A7 Wi 5080 o o
ERSHAHIEN, TUAREHE 1| f, X ERMNEESH 1| WFEHIEY EHEENE,
XTEE 1, AR SR A BRI B O R BB, e — AR, T X B4R
p AR E R, TR XEAFENRAHR] T ERALERY ZHEE
BRIE
ETREEREREEE, LR p - oo B, WRERRINBWHFEER. EoHTE
WINMZH, AN —8E X iLek—BELE&MNL 0 X MY 4000 p EREVL &
x,y W5 i ki &
Er =u,, Ey=uy, Ezj=u,,
Yo =cov(z), X,=cov(y), X, =cov(z). (3.3)
EX 1 AR « = (X1, Xo, -+, Xp)" K p 4k m- FKEENLID &, 53X 4 2 0 B
Bom, RIEEWO<i,j<p, R i —j|>m W X; 5 X; HEML
FH2 1<i<ph, X, MY HUKRE—-BFR.
FH3 o5y Ry g m HIKENLME.
F&fF 4 tr(Xa)/p o oo, tr(Zy)/p — oy, llue —uyl?/p — v3,, Hr () RRE G T
FHS {|lull’ +2(uy —uz)Tulp >, B u B 1LIREXL ¢ HAET 0 WHE
At 2-4 BT Biswas 5 2 S BREARRH T HAM K2R ENE 5y
BT EESRUNERR KO3 UWENANE 2 5y £ B0 B2 HEHMHKH; K4
ERGYEENHRE 2 5y h T ENDE p FB, HAA4 23 WE, TUBIESRM 4 8oL )
G, %At 2-3 ML BB RIEFS (X, Y0), i=1,2,- .p} BAFHRHHER 2 p — co B,

pI‘
lw — Yl /o~ 0% + 0y + vy + Pay, (34)
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Ho, pay = limp oo B{(x — uz)T (y — uy)/p}, pr BAKERKS B 7 (3.4) X, B
Tmiﬁyﬁﬂi,ﬂpmyzo-

M5 EERERATRIE 3.7) XH va,, # vysy BRI vz BEXTH, uy —uz, > 0. 10
Fu>0Fu<0, HY? u=0(p), %5 8L AWM, &4 52— HEASH
REZM L 212 AMEESSA (1 - %) x 100% B gL & BRI &GT, W
TR 2 4T R TR R

T 2 ELME 15 MR, B BBB L RSL, WY ny — 00,ns — 00,p — 00, H |T] 5 oo
)54 P(|T| > ZHW) 1

i EE (21 XM 20 WEX EeHyZpdEm- MIKENLME, N 2 02 p 4 m-
MAMKEENL . BITTA, FR 23 ML Hp - o B, B

e — g |20 = 12my g — s P /o vy 0(Z2)fp — 02,
E{ (@ — ue) (20 — a)/P} = Pz E{(y — ) (20 — z)/p} — pyma- (35

R (34) XIS, TH Y p > oo B,

lle — z0ll?/p 25 02+ 0%+ 12+ pas,
ly —=ol/p 5 02402+ v2e + e (3.6)
& BB I BOL B ws — uy = u £ 0 H o2 = 02, U posy = pys- B8 (35)(3.6) R4
lle — zol*/p —Ily — zoll/p 25 v, — v, (3.7)
B—FH, BT ve =uy +u, BEHETH

VaZ:zo o VZzo = plinolo(Hum - uzo| 2/]) - ||uy - Uz0||2/p)

B plinolo{(um —y) " (e + uy — 2uz,)/p}
= pliggo[{llull2 +2(uy —uz,)Tul/pl. (3.8)
&M S WA vz, —vo, AET 0, HITEMENE TRIER B B « WAL 20 KX
R SR E By WA 20 WERABER AR, #EMARIE T > B AN F 43 47 9 W0 & 5 R
MBREAE ZR EXERG BB vZ., > vy.,, WKEBWK « WAL 20 ®RKIER K
HEWK y WAL 20 HIKXEFHEX BTH, 2 p — oo B, KB B = WREA X
MR BB BETE B K ne + 1 < Ry <n1+na. FFRL % p— oo B,
T/{n1(n1 + 2ns + 1)/2} 25 1. (3.9)

F Vany < Vs WEH B x BIREAY 20 WIRREE 5K E B v ARG 20 BIBRXEE
BARE /. KL (3.9) RMYIEH, 4 p > o B, H

T/{ni(n1 +1)/2} 25 1. (3.10)
Ha (3.9)-3.10) KX, TR p — oo B, H
IT|/{3n1n2/(n1 + 1o + 1)} P 1, (3.11)

F)fuaﬁnlﬁooaTLQ;)OOapﬁooaﬁ
17 25 oo (3.12)
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W, dy (3.11) KT AR B D BOH,
lim P(|T| > Zl,a/Q) ~ lim P<{3n1n2/(n1 Fa 1)) > Zl,a/g). (3.13)

BF LA, Ty oo P(IT] > 21 y2) = 1, B Y B2 B 55 R A o B B 1 6 97 B S 9
AT 1 WEBIEEE 2 BoL BITR, #F {Bning/(n +no + 1D} > Zy g0, N4
FOEB B, BB F AT o = 0.05, WABE min{ny,ne} > 3 RRIEESHEE T
{3mna/(ny +na + D} > Zoors ML B—HTH, EH | 4124 BARBFE IR, RBS
PR IR LS A4, BB R, FBE min{n,na) 2 5, BEWR T R RALE —%
SR B LR 0.05, I XARIE T & HBB T {Bnina/(n1 +na+ 1)} > Zogrs BOL H
T 0 56 M 9 6 0 TSR, R R, B AR G 3 .

4 BiEHEM

E—HEBEHENTRRAHE T WWEER 2K SEEITE T WEREAERH;
EEREEHBE TUEZETESHMEFEITENRS, EF K BEH Puri M Senl!?,
Méttonen F Ojal'tl| Chakraborty il Chaudhuri™, Rosenbaum[®"! #1 Biswas % 24, KT ¥
EHE, LR RE T %R QWX, LR H Al 5 FR e ka4l R PS, MO, CC, R &
BMG. ZBMT 4 FHEAE: BT KRBER, BRE, MR AR5 A #LAl.

Bl1 & {w,i=1,2- m} M {y,i=12- n} RFBRE p FEEBHER 3Bt 5474
t5(0px1, Ip) M t3(61px1, Ip). Opxy Rl 1py A3 HIRB c My WAEME, I, & pxp BAHE
MERR e My WRESHHERE

B2 #{x,i=1,2 nm}M{y;,i=1,2 no} FHIEE p FIED A N(0pxy, 1)
M NO1px1, Ip). Opx1 F 1ps SFHIRRA « My WALEME, I, 2 pxp BAEERR = M
y RESHERE.

B3 @ {x,i=1,2- m} M {y;,i=1,2 no} A FEE p FIEBZFH N(0px1, X)
F N(51p><1; 2); y\:qj Y= (O-5|i7j|)p><p ZEll:p Xp R

Bl 4 B X, Yie, k= 1,2, ,p 43I BUE Laplacey(0,0.5) F Laplace, (s, 0.5) 434,
H Laplace,(p, b) RARPLE R kS, p Z2AUESH 0 ERESH

X 4 ALY, ZERFHEKRAMESE 6 =10,0150.2 BERSHIHN n1 =ne =
5,10,30,90; 4EF p = 10, 30, 90, 300, 900, 2000. £ X B E BF MK T o = 0.05, ZREE K
¥k 1000. T PSHI MO BBAEH TitAEAR/DTRARLEENFELR, B R4S AR
BRTHALZHEL THER BABDTHALEEFL TWERILH .

Bl 1Ff 2 HFBHERABERDERSAEARESMEIE. R1BRT CCRETE
ny =5 B ARREMRFHEHIH —RER AR I MR 2HWRBRT PSH MO BRI p=mn
B A 36 K - 83T 0, H b B 7 A 30 /K T L 8RB 0.05. X EERZFE N CC R EERH
BEREPSHMMORKRBAEERESRZREBENHARERMAMNERN R 1NR2EBRFTARE
4 S 580 ) 2K R B o e A R e A A B 38 I T B A, R B O LR R 0 A 8 T A R B A
PEKERESMURBERSMBEAEL BAKNR R1BRT 4 0 =510 CC K
BRIAZFERE QWX, R, BMG &%, PS5 MO JLEREIR. Y ny = 30,90 Bf, QWX
RABFHKE CC, R, BMG lE. R2BRT QWX BB 2 FAFRETHREIIK
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R LG A AR o B A, AR MR A B AR TE, Ho A 4 PR B 948 e D O X QWX e e
HEMZ BEEREBEREIR

£1 1 KKK ESRERNHE (%)
(Table 1 Test level and power of simulation for Example 1 (%))

5 » ny=ng =25 nyp =ng = 10
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 - - 3.1 3.0 5.1 72 02 00 43 5.9 4.7 4.4
30 - - 4.2 4.9 5.9 12.0 - - 4.1 5.5 5.5 6.2
90 - - 3.2 4.0 5.8 9.4 - - 4.3 6.2 5.2 6.4
0 300 - - 3.4 3.9 5.0 10.8 - - 4.8 5.2 4.5 7.6
900 - - 3.5 4.4 5.6 9.1 - - 5.0 4.7 4.5 6.8
2000 - - 3.6 3.5 5.4 9.8 - - 3.9 4.2 5.5 7.7
10 - - 3.7 4.7 101 106 05 02 6.7 5.3 10.4 7.4
30 - - 2.6 4.2 141 114 - - 5.4 6.7 20.6 9.3
015 90 - - 6.0 5.2 221 120 - - 9.5 8.2 34.8 11.8
300 - - 6.2 3.9 23.9 143 - - 104 95 45.9 20.6
900 - - 7.8 5.4 25.0 19.0 - - 17.1  11.5 54.2 37.2
2000 - - 134 54 27.8 279 - - 26.2  10.1 55.8 64.2
10 - - 4.2 4.8 9.6 90 01 01 6.9 7.3 15.0 10.0
30 - - 5.9 5.7 17.8  10.7 - - 9.2 6.8 31.5 11.8
0.2 90 - - 6.0 4.6 28.0 14.8 - - 9.1 8.6 52.2 17.3
300 - - 8.5 6.5 38.0 189 - - 15.7 10.8 64.8 42.1
900 - - 15.2 8.1 37.0 36.0 - - 352 14.2 69.4 77.4
2000 - - 30.1 7.6 37.3  58.0 - - 53.7 209 69.5 94.0
s » n1 =mn2 = 30 n1 = n2 = 90

PS MO R BMG QWX CC PS MO R BMG QWX CC
10 29 38 54 3.7 4.8 39 59 6.8 56 4.2 6.1 4.6
30 02 09 5.2 5.0 5.9 43 38 37 51 5.2 5.6 3.0

0 90 - - 4.4 4.9 4.9 62 10 06 428 3.9 4.6 5.8
300 - - 4.2 4.4 5.5 6.0 - - 5.3 3.9 4.8 4.0
900 - - 4.7 3.8 5.4 4.8 - - 4.4 5.6 5.5 4.8
2000 - - 4.9 5.0 4.6 5.8 - - 5.7 3.6 6.3 6.0
0 77 65 86 8.2 23.1 109 322 240 128 109 58.6 31.2
30 28 20 8.0 10.0 54.7 186 51.6 328 165 165 95.6 64.0
015 90 - - 10.8  10.9 85.3 346 46.5 19.0 195 26.7 100.0 96.5
300 - - 19.1 17.1 97.0 744 - - 359 515 100.0 100.0
900 - - 34.4 240 98.2 994 - - 71.4 84.0 100.0 100.0

2000 - - 58.0 37.2 99.1 999 - - 95.6 96.2 100.0 100.0
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gkl 1 RERRKFSREHHR (%)
(Table 1 Test level and power of simulation for Example 1 (%)(Continued))

n1 =nz =30 ny =n2 =90

J P
PS MO R BMG QWX CC PS MO R BMG QWX CC

10 138 13.3 9.7 7.6 41.9 17.6 573 423 192 16.3 86.4 57.7
30 40 24 133 151 77T 365 86.3 624 279 309 1000 93.0

0.2 90 - - 18.9 21.4 96.6 685 904 528 392 579 100.0 99.9
300 - - 34.7  34.1 99.7  98.9 - - 707 919 100.0 100.0
900 - - 69.7 54.1 99.9  100.0 - - 99.2 999 100.0 100.0
2000 - - 95.6 73.4 99.9  100.0 - - 100.0 100.0 100.0 100.0

Bl 3 F B R AR B SR T EA R B, BIREALA B4R 2 WA R A K 4k
BT BT 1 M 2 Jr BRI AR, % 3 MEUH PS M MO R TE p = ni B KK
FHIE 0. R3IBART QWX WRTEM 3 A RETRBIZER T Rk, A 2 ERE
ARDNTHET 0MHLTRENE Kt BEREANT, CC=R>BMG, PSHMO
TERARMXEE /D ILFRZR B—J7 0, R 2 MK 3 4R, RNE QWX Bk
TEREE p KWL A ZEEN ARG R Z FFMREHEE, QWX RR7Ed 2 Ml 3 &
IR B A R R X G, T At I ey e %o L AR 12 4 JE 2 W) A A S A LE B RBURR, B ATAE A 3
i R BB R 2 TR 2 PR B

£2 fl2BUKRKRKEFSREBHH (%)
(Table 2 Test level and power of simulation for Example 2 (%))

5 » ny=ny=2>5 n1 =n2 =10
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 - - 3.4 4.9 6.1 53 0.1 02 4.0 4.3 5.8 4.3
30 - - 3.2 4.3 6.6 6.2 - - 3.7 4.3 5.8 5.1
0 90 - - 2.7 3.4 4.8 7.2 - - 5.5 5.3 5.2 5.1
300 - - 2.9 4.4 5.7 7.5 - - 4.6 4.1 4.5 5.1
900 - - 2.1 3.0 6.5 7.7 - - 4.4 3.7 5.1 5.3
2000 - - 2.8 4.0 4.9 6.5 - - 3.6 4.7 6.7 5.6
10 - - 4.1 4.3 9.1 71 01 02 74 6.7 13.5 7.6
30 - - 4.4 6.4 17.7 7.2 - - 7.8 7.1 37.1 7.8
015 90 - - 5.6 7.4 50.2 8.7 - - 11.9 10.1 81.3 14.2
300 - - 8.6 8.1 89.7 131 - - 174  14.7 99.6 29.5
900 - - 129 124 99.9 230 - - 38.5 29.2 1000 634
2000 - - 26.0 196 100.0 43.8 - - 65.3 46.5 1000 90.4
10 - - 4.5 5.2 12.5 70 0.1 03 8.1 7.5 23.2 10.0
30 - - 6.3 5.6 304 101 - - 10.9 8.9 55.1 17.5
0.2 90 - - 8.8 6.8 66.7 126 - - 19.7 14.8 95.0 27.2
300 - - 16.3 14.8 99.3 256 - - 39.5 28.8 1000 616
900 - - 388 21.7 100.0 51.5 - - 775  59.2  100.0 96.2

2000 - - 615 43.1 100.0 82.1 - - 97.8 86.5 100.0 100.0
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gz 2 RUBRRKFSRENK (%)

(Table 2 Test level and power of simulation for Example 2 (%) (Continued))

4 p
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 4.1 4.4 4.5 4.4 6.0 3.7 4.5 4.5 4.3 3.1 5.2 3.4
30 06 0.3 5.5 4.3 5.5 5.6 3.8 34 4.1 4.7 4.9 3.1
0 90 - - 4.8 5.1 6.2 5.7 05 0.7 5.4 4.3 4.6 6.9
300 - - 4.4 3.7 4.7 4.6 - - 4.6 3.6 4.7 5.7
900 - - 5.5 3.4 6.1 5.6 - - 6.7 4.4 4.2 4.62
2000 - - 5.4 4.3 6.0 4.3 - - 6.0 5.0 5.1 5.3
10 114 11.7 10.1 7.7 36.9 157 483 509 228 11.5 85.1 49.5
30 42 3.7 168 9.3 81.7 27.9 768 79.0 342 20.8 99.9 89.4
015 90 - - 25.6 16.1 99.9 55.4 814 857 580 443 1000 99.9
300 - - 51.0 377 100.0 95.5 - - 94.3 83.6 1000 100.0
900 - - 90.8 71.3 100.0 100.0 - - 100.0 99.8 100.0 100.0
2000 - - 99.9 96.1 100.0 100.0 - - 100.0 100.0 100.0 100.0
10 223 230 16.6 9.1 59.6 289 796 816 410 18.6 97.0 82.5
30 89 102 307 17.6 95.7 56.0 982 98.8 629 414 1000 99.6
0.2 90 - - 494 344 1000 924 997 99.9 928 825 1000 99.9
300 - - 89.8 74.8  100.0 100.0 - - 100.0  99.9 100.0 100.0
900 - - 100.0 99.0 100.0 100.0 - - 100.0 100.0 100.0 100.0
2000 - - 100.0 100.0 100.0 100.0 - - 100.0 100.0 100.0 100.0
#£3 3 EBRBAKFESRETK (%)
(Table 3 Test level and power of simulation for Example 3 (%))
s » ny=mnz =5 n1 =mng =10
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 - - 3.7 2.9 6.6 59 02 02 31 4.4 4.8 4.7
30 - - 3.0 3.8 5.0 6.4 - - 4.4 5.3 4.8 2.5
0 90 - - 1.8 3.9 5.5 6.1 - - 4.3 5.1 5.3 4.6
300 - - 3.3 4.0 5.1 6.2 - - 2.7 4.4 3.5 5.0
900 - - 2.9 4.6 5.4 4.2 - - 5.2 4.5 5.5 4.5
2000 - - 2.5 2.6 4.8 6.4 - - 4.6 6.1 5.8 5.8
10 - - 4.8 2.8 5.4 54 0.1 03 7.9 4.3 9.0 7.8
30 - - 4.8 5.8 10.6 7.2 - - 10.2 5.7 16.2 7.8
015 90 - - 4.8 5.7 18.6 7.7 - - 9.4 8.1 37.0 11.2
300 - - 9.4 7.5 54.6 10.8 - - 16.2 120 85.4 225
900 - - 129 100 914 206 - - 29.8 210 99.9 429
2000 - - 179 14.1 99.5 270 - - 51.8 329 1000 74.6
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g3 3 RURRKFSRREIHH (%)
(Table 3 Test level and power of simulation for Example 3 (%) (Continued))
5 » ny=mn2=>5 n1 = n2 = 10
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 - - 4.9 5.7 10.3 7.2 0.2 0.3 9.4 5.5 13.5 7.4
30 - - 6.6 6.8 14.7 9.9 - - 11.2 6.7 27.5 14.3
0 90 - - 7.8 6.8 34.5 11.2 - - 21.0 13.6 61.3 20.7
300 - - 12.8 8.6 74.5 19.6 - - 32.6 22.1 97.8 44.2
900 - - 26.9 16.1 99.1 36.5 - - 60.1 39.5 100.0 842
2000 - - 43.2 28.8 100.0 61.0 - - 90.5 66.1 100.0 984
s » ny =ny =30 np = ny = 90
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 4.0 43 3.1 4.1 4.6 2.6 4.6 4.5 4.8 3.9 4.3 3.2
30 1.2 03 5.2 4.0 5.1 4.5 3.3 3.5 4.8 3.9 5.1 3.7
90 - - 5.2 3.4 5.3 3.3 04 0.7 5.0 3.1 5.0 3.3
0 300 - - 4.4 5.0 4.4 3.9 - - 5.5 3.9 4.7 4.6
900 - - 3.9 2.7 4.2 5.6 - - 4.4 4.9 5.2 5.2
2000 - - 5.7 4.9 4.0 4.7 - - 4.2 4.5 4.3 3.7
10 6.6 6.9 15.5 8.1 19.0 126 19.1 20.1 420 7.5 47.6 31.5
30 1.3 1.5 228 8.4 39.0 22.3 233 227 58.7 11.6 85.5 62.9
015 90 - - 29.6 11.8 86.2 38.2 14.2 140 70.0 26.4 1000 953
300 - - 51.3 252  100.0 77.8 - - 91.5 61.1 100.0 100.0
900 - - 80.3 54.9  100.0 98.9 - - 100.0 95.7 100.0 100.0
2000 - - 97.5 83.6 1000 100.0 - - 100.0 100.0 100.0 100.0
10 97 93 253 6.3 29.5 17.8 33.8 33.7 664 8.9 70.0 57.1
30 279 24 379 12.3 66.2 41.6 50.3 52.8 8l.5 21.8 98.2 90.2
0.2 90 - - 52.2 23.3 98.2 70.8 422 446 90.7 50.2 1000 999
300 - - 83.0 50.1  100.0 98.6 - - 99.8 94.1 100.0 100.0
900 - - 99.3 89.1 100.0 100.0 - - 100.0 100.0 100.0 100.0
2000 - - 100.0  99.3 100.0 100.0 - - 100.0 100.0 100.0 100.0

Bl 4 BB RFEARZIR B A HA. FAUTRIWER, K427 QWX REHK
BKFEE 0.05 HER 4 FARET, RRIBCHEMR TFHMAKE, FH 2 ERA M X H
AUEREPMIHIET.

BARTIE, B B 4 AR MBETHALERRIN TR QWX RRHNEH
Ta R, EAWRRETERE B T4, T8, BERAER S ANERENAT
TR 4 /N R A B oL B A e ) R
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£4 fl4BURBRKESREBIH (%)
(Table 4 Test level and power of simulation for Example 4 (%))

5 » | ny=ny=2>5 n1 =n2 =10
PS MO R BMG QWX CC PS MO R BMG QWX CC
10 - - 3.2 3.7 4.8 5.9 0.1 0.0 6.0 4.5 6.1 4.0
30 - - 3.8 4.8 7.0 6.9 - - 4.8 4.4 5.1 5.2
0 90 - - 3.4 4.0 5.5 5.4 - - 4.7 4.3 5.4 5.9
300 - - 4.3 3.9 6.4 5.8 - - 4.3 5.8 5.4 5.2
900 - - 2.8 3.8 5.6 6.0 - - 4.8 3.3 4.9 4.6
2000 - - 2.2 4.4 5.2 7.7 - - 4.7 4.7 5.1 6.4
10 - - 4.3 4.2 11.1 6.5 0.1 0.1 6.8 5.4 15.5 8.9
30 - - 5.0 4.6 15.9 8.2 - - 8.1 7.1 31.9 9.1
015 90 - - 6.9 6.0 33.5 8.9 - - 11.5 9.7 71.2 13.2
300 - - 10.1 7.9 78.2 11.1 - - 22.6 13.1 99.6 28.8
900 - - 20.6 11.3 99.6 24.1 - - 47.5 24.8 100.0 60.7
2000 - - 41.1 16.8  100.0 38.7 - - 75.8 41.0 100.0 91.8
10 - - 5.4 7.3 12.7 7.0 0.4 0.0 8.8 7.1 21.6 10.8
30 - - 6.0 5.5 24.9 10.2 - - 13.7  10.0 49.7 17.8
0.2 90 - - 9.9 6.6 55.6 14.2 - - 24.3 13.4 90.2 29.5
300 - - 22.8 11.3 95.3 24.1 - - 44.8 23.7 100.0 63.5
900 - - 47.8 21.3  100.0 51.2 - - 85.8 52.2 100.0 96.7
2000 - - 82.7 359 1000 817 - - 995 79.5 100.0 100.0
5 » ny =ng =30 nyp = ng = 90

PS MO R BMG QWX CC PS MO R BMG QWX CC

10 4.0 4.2 5.8 4.7 5.1 4.2 4.4 4.2 5.2 4.2 4.5 3.3
30 0.7 09 4.8 4.3 4.1 4.0 3.6 3.2 5.7 5.7 4.1 3.3

90 - - 4.5 4.6 6.0 4.5 0.8 1.0 4.2 3.4 4.7 4.8
0 300 - - 4.4 4.0 5.1 5.0 - - 5.0 4.5 4.8 5.9
900 - - 5.2 5.0 5.3 4.9 - - 4.6 4.2 4.6 5.2
2000 - - 4.3 3.9 6.0 3.9 - - 6.2 3.6 5.8 4.4
10 | 183 13.0 136 7.6 37.3 16.5 71.5 54.0 27.1 13.3 85.8 54.9
30 71 48 169 10.5 77.9 247  96.8 833 36.2 207 1000 874
015 90 - - 287 178 99.7 58.3 98.6 853 59.8 39.5 1000 99.8
300 - - 53.4 358 1000 955 - - 945 80.0 100.0 100.0
900 - - 93.1 70.6  100.0 100.0 - - 100.0  99.9 100.0 100.0
2000 - - 100.0 928 100.0 100.0 - - 100.0 100.0 100.0 100.0
10 (335 246 184 121 58.2 305 954 88.1 431 227 97.9 85.9
30 |20.0 10.2 30.0 18.2 97.7 55.0 100.0 99.6 64.7 40.2 1000 999
0.2 90 - - 53.9 348 1000 928 100.0 99.7 916 809 100.0 100.0
300 - - 93.2 712 100.0 100.0 - - 100.0  99.7 100.0 100.0
900 - - 100.0 98.2 100.0 100.0 - - 100.0 100.0 100.0 100.0

2000 - - 100.0 100.0 100.0 100.0 - - 100.0 100.0 100.0 100.0
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5 EfISH

A SR EUE B IR AR B oK 2 AL A % 3 BB 4 & (the UC Irvine machine learning
repository) H 1B ER 21 4 B EE £ (grammatical facial expression)!. REEE LS
WH [A] 8 (WH-question), &, % & F Z M (ves/no question), £ 4 & (doubt question), 3¢
7 (topic), &N (negation), B F (assertion), 2cf4] (conditional clause), #RIH (focus), =& M
] (velative clause) UM FHIEE. AT EHIEE PHIELEEH K 300 48, B 100 N =24E 59
BB KRRRER R, ZEE HES 87 W RE LK GILE 88 AF
ETHALR A LR 2R B S A AR, B 1 BTR.
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(Figure 1 Attribute points locations on user face)

HARES N BLEAREENEEEETREERR. EXHBBEETHE. SEH
BETREEHTER. AT HEARRE T RORE DM EA R, RN EEEEL
B ny = na = 5,10,15,20,25,30,35,40,45,50 P REA. FEX B E BEHAKTF o =0.05, 3£
B EE WH R 500. BT A SCHRF BB G A5 1) AL K AL 8 ) R R g, B 43 A R A
H, F AN BER R EM T mEL. BSPS MO BRBARERTHAR/NFHALZEY
HH, B X B R AEX T4 A Titie.

K RImE 2 frR, HITRE T BN, EREARE/NT 20 e, R BB ENELT,
HR AR BEH QWX 5. YA 20 7 30 2 MEgBHE QWX REXRALMHE H
WA CC H BMG K, YHEARAZERHKH, QWX, CCHM BMG R IR HEE 1, A
B, REEHIRN—HELE 0% LT i)

1.https://archive.ics.uci.edu/ml/datasets.



124 BR3P A LB S BORAG B 2457

0.0

10 20 3 10 50
B et
B 2 T35 v T R T RO 4R i A T 3

(Figure 2 The powers performance in the analysis of grammatical facial expression dataset)

6 & it

ASCH A B/ B4 HR T 07 H K — 4 Wilcoxon-Mann-Whitney BRI PR 42 (i B
SEPRBRTBFFLEEE. QWX RBRYAR T Wilcoxon-Mann-Whitney BAE 5 A OB T
BHRAGHER A—FE, QWX RREETH SECAEY HERRE FTRR IR
R AT RIS, E—BHMKAGTIEN T QWX RRERE/MEARBERE R
H DR BESE R RN QWX BRI T A [ 20 4 09 6L B 2 5000 10 28 9 I P i — Bk, LR
RGN T REMEREGR.

2 £ x &

[1] Lehmann E L, Romano J P. Testing Statistical Hypotheses. New York: Springer Science and
Business Media, 2006.

[2] Barry W T, Nobel A B, Wright F A. Significance analysis of functional categories in gene ex-
pression studies: A structured permutation approach. Bioinformatics, 2005, 21(9): 1943-1949.

3]  Wilcoxon F. Individual comparisons by ranking methods. Biometrics Bulletin, 1945, 1(6): 80-83.

[4] Mann H B, Whitney D R. On a test of whether one of two random variables is stochastically
larger than the other. The Annals of Mathematical Statistics, 1947, 18(1): 50-63.

5]  Brown G, Mood A. Homogeneity of several samples. The American Statistician, 1948, 2: 22.

[6] Van der Warden B L. Mathematische Statistik. Berlin: Springer, 1957.

[7]  Wald A, Wolfowitz J. Statistical tests based on permutations of the observations. The Annals of

Mathematical Statistics, 1944, 15(4); 358-372.

8] Chatterjee S K, Sen P K. Non-parametric tests for the bivariate two-sample location problem.
Calcutta Statistical Association Bulletin, 1964, 13(12): 18-58.

10]



2 4 B % 5 ¥ % 104

Puri M L, Sen P K. On a class of multivariate multisample rank-order tests. The Indian Journal
of Statistics, Series A, 1966, 28: 353-376.

Méttonen J, Oja H. Multivariate spatial sign and rank methods. Journaltitle of Nonparametric
Statistics, 1995, 5(2): 201-213.

Choi K, Marden J. An approach to multivariate rank tests in multivariate analysis of variance.
Journal of the American Statistical Association, 1997, 92(440): 1581-1590.

Chakraborty A, Chaudhuri P. A Wilcoxon-Mann-Whitney-type test for infinite-dimensional data.
Biometrika, 2015, 101(102): 239-246.

Chakraborty A , Chaudhuri P. Tests for high-dimensional data based on means, spatial signs and
spatial ranks. The Annals of Statistics, 2017, 101(45): T71-779.

Bickel P J. On some asymptotically nonparametric competitors of hotelling’s 72. The Annals of
Mathematical Statistics, 1965, 36(1): 160-173.

Brown B, Hettmansperger T. Affine invariant rank methods in the bivariate location model.
Journal of the Royal Statistical Society: Series B, 1987, 49(3): 301-310.

Hettmansperger T P, Oja H. Affine invariant multivariate multisample sign tests. Journal of the
Royal Statistical Society: Series B, 1994, 56(1): 235-249.

Hettmansperger T P, Méttonen J, Oja H. Affine invariant multivariate rank tests for several
samples. Statistica Sinica, 1998, 8(3): 785-800.

Randles R, Methods R. A two sample extension of the multivariate interdirection sign test. L1-
Statistical Analysis, 1992, 49: 295-302.

Liu R Y, Singh K. A quality index based on data depth and multivariate rank tests. Journal of
the American Statistical Association, 1993, 88(421): 252-260.

Rosenbaum P R. An exact distribution-free test comparing two multivariate distributions based
on adjacency. Journal of the Royal Statistical Society: Series B, 2005, 67(4): 515-530.
Friedman J H, Rafsky L C. Multivariate generalizations of the wald-wolfowitz and smirnov two-
sample tests. The Annals of Statistics, 1979, T(4): 697-T17.

Mondal P K, Biswas M, Ghosh A K. On high dimensional two-sample tests based on nearest
neighbors. Journal of Multivariate Analysis, 2015, 141: 168-178.

Biswas M, Mukhopadhyay M, Ghosh A K. A distribution-free two-sample run test applicable to
high-dimensional data. Biometrika, 2014, 101(4): 913-926.



