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AICE AT &= H ES B IR GBS S FANOVA T, BbTHES TR
KTF—FMTANOVAM . BT XEHE M IRAENBEE R T, MEI MM ELER KA
RBEHEBHEAME TR —FERANOLE S UEFRBOMGT, PR TR EXESRSBEZRE
BRI EHTRABX TR TEEZ AN FH RS &4, RS HANOVARHHERRZ MR
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§1. 3§l

BEHL AR BT Z N FAEGFES. BE¥. 25, MERHSIEN—RER, xf
R FEZSHATTRREERE, Wi F Z2 TG (ANOVA), AR it (MLE),
BB #5 #% K ALL8R 5 +H (REMLE), &% /38 3 = Wk G i f#% 7+ (MINQUE), % 4 #% f it (SDE),
Bayesfiiit%%, BAAT[ 2% C#k7. B TANOVAfE it B BRREX, X T BRI CHER
W%, LaMotteliEB] T F 2 BIIE R T Ml REAER, KERISTIRZEE TR K
TiHEANOVARIIE S ftivh, Lt ChowFi1Shaol®l$2 4 T iE MIE R fkit, Portnoyl0 B H| T/
X Bayesfti it LA R B (A& F 1, Mathew, SinhafiSutradhar'145 i 7 IE R IR T

KNHEERT =AHETENLERA BN BT

y=XB+Uian +Uaag +¢. (1.1)

HAp, yitn x IR EE, X&n x p SRR, Uy, Uo7 3l Zn X q1, n x g5
KEBE, BRp x IRUSHAER, a1, F g X 1, g2 x 1FIBENIAN &, efén x 1HIBEHL
RE. a1, ap, MBI, AAHRMAEZITTIERSFAN(0,021), N(0,021), N(0,052I).

St IR A BRI N AR R (1.1), B E D Bo?, 03, o?MIANOVAL T2 Z IR G TH R ML
YA E. M EREH AR TEIETEE(1L.1)MANOVAM T, BN SIS RETXH
IANOVATE T 2™ (Pix vy —Px)y, v (Pix,un,u) — Pixun)¥ ™ (I —Pixu, ug) )y M E T
TS AREEAEE RN To?, 02, 2R, B RAHBRANOVAMRIT, X

*ERERBEESIE (10701079) M B A SRR 40 H (08JC910002) ZEBh.
A I20074E8 A 17 HW R, 20074E12 A 15 HW IS TR,
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P RRX BB, HE, R U)X BB B R, (X, Up, Us)F(X, Up) R4
B, 02, 03, P HIANOVAF T B RREME— B E. AC4 LB 977 2 4 B HIANOVA
fhit, 75 B hod, 0%, Flod, B4 T LR EIM . 3 F KR MANOVARS
A SCAE— KA R IR T 5802, o318 EANOVARS #, BB T4 832 Ko, ,
02y TEVITTHRTLF, 02, Flod,, 58l — B4k F ANOVAR o2, FoZ,.

BT A4 B ANOVARS i, 14 IF I ANOVAME H EX S {E MU REE K T8, £ X
BT 77 5% F i ANOVARIE S M i, BER — K BB M 7t R IE A V2 T S,
F. MR A BN (1.1), 772 4 B HIANOVALEito?,, 02, Mol £ T MR A
BRI ER B T A — B FRR Z AT R0 . (R T A SRR M B
oty o2 EE R BRI R B F BB 2 A7 " ANOVASH I, 725 A3k 57 4
B2 5 BB TANOVAREIF? A SCAES 35 ! T 269k S S AT 4 RIS I F, BB
B THE TR Z AT 76 90 S . 208 4B e T — R A 2 VR & B AL RERE Y.

§2. ANOVAfhi+ R H g

AT K& B FANOVATl i, B & 5| NANOVAfEve%,, 0%y, 0% 2 My = (X, Uy),
M, = (X,U1), M3 = (X,U;,Us), my = rank(M;), me = rank(Mz), m3z = rank(M3). HX
¥ FEH,, Hy, H3 5 W R &P HI My = 0, H1H] = Iy, HoMy = 0, HoH] = I_pm, M
H3M3 =0, H3H] = In_m,. FHy, HoM H3 53 IR (1.1) 1R, @21 = Hiy, 22 = Hay,
/I TH IR,

21 = HHUyaq + Hie,

20 = HalUsas + Hae,

23 = H3E.

W, = HU\UJH], Wy = HUyUj Hj, Mz ~ Nn_ml(O,a'%Wl + 0’21), z2 ~ Np_m,(0,
03Ws + 021), 23 ~ Np—ms(0,021), &2]21, 2320, 2230 AE T & AR HE, 7115

2721 = w10% + (n — m1)a?,

2322 = e} + (n — my)o?, (2.1)

2323 = (n —m3)o’.

iiiwl = tr(Wl), wo = tr(Wz). ﬁﬁ"—ﬁﬁéﬂ@l)%

2 _  #B%
O'A— 5

n—ms
o2 :n—ml( 221 z3%3 )
Al wi \n—m; n-mg/’
o2 =n—m2( 232 2323 )
A2 wa n—msy n—ms;
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K Fo?Hlos, hTHREBITHRER X THREEANOVAMT, 2% REAR FREAKN
(ERIES

ay1(n — my 2T a122%z |
El—‘—{ 11( )( 171 41273 3)‘0<a11 < 1,a12<1}’
wy n—mp Nn—m3

a1 (n — ma 2T a992% 2
£2:{ 21( )< 2°2 2233)‘0<a21<1,a22<1}'
wo n—mo n—ms

B b, 7 ERMETEL, LW, a2 < 1, ag < MEBEXHMETET /IR, EAT
B S8 IR R 43 Bl /N F oy Ao,
EEF Bo BT, R IR L, FEEE Ear, a1 LB L, ALEITHEAD
At T L TR 2 (MSE) o Mot R 18 Flary, arp. BEEMSE(L), BT
a2, (n — mq1)? 2z a122% 23 2a12Cov (2] 21, 23 23
Var(£1) = 4 w? ! {Var (n - ml) + Var (n —ing) - (n-— ml()(ln - 1313))}
a3y (n = m1)? [ 26 (Wi0? + 0 Lnny)?) |, 2635t0((Lnmm0®)?)
o7 { (n—m1)? L
_ 4a1204tr(H{H1H§H3) }
(n —m1)(n — mj)
a2 (n —mq)? { 2tr(W32)of + dtr(W1)o?0? + 2(n — my)o?

= 'w% (n — m1)2

20},0*  daipe? }
n-ms n-—m

aii(n —my) {E( 2] z1 ) (a12z§z3>}
n— m1 n—ms

ai n—ml){tr (Wi)o? + (n — my)o? 2}
— a120
n—msi

E(£1)

X BtrREERE, ATLR 2

MSE(L;) = Var(L)+ (E(L1) — U%)Z

_ 2
= Var (£1) + {(a11 - 1)0’% + M——m—l)(l - a12)0'2}
2a2 tr(W2
= {“%‘1—) + (a1 — 1)2}03
wy
afy(n - m1)2{ 2 + 20, _ Ao +(1- ¢112)2}(72
w? n—my nNn—m3 n-—m

+ @{21111 + (1= a11)(n — mi1)(ar2 — 1)}
w1

=: gi(a11)ot + ga(a11, a12)0* + gia(a11, a12)oia?.
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AHAEY, BRI REL, LIRS Ean B/MLo RS, ATE

2
wi (n—my + 2)(n —m3)
=—F—————=> {1 = =:b
“ w? + 2tr(W3) u Aar (n—m)(n —m3+2) 12
BREBE2HET A
o2 = wy(n — my) ( 2z B (n—m1+2)2323 )
M1 w? +2tt(W2)\n-my  (n—mi)(n—mg+2)/"

StFAdivho?,,, B0 e

EE 2.1 EHHRKEBENLTF, fhivkod, th THlivhod,.

WERR: HE b, X TANOVAfGT, a11=1, a12=1. X flitte?,, a11=b11, a12=b1a. 18
& LR, 91(1) > g1(b11)Fga(1,1) > ga(br1, bi2). BB AHER AR g12(1,1) = 4/w1 >
gi2(bi1, br2). SR RKAL. a

KFod, TEAbvHELF, ANOVAEHo, XN Fan = 1, aze = LHHEH. KT ESS
WAL FikEFEar;, aI % KT TH

w3 (n —mg + 2)(n — mg)

= s 1] = .
a2 w2 + 2tr(W2) Al oz (n —ma)(n —m3 + 2)

HELR, BATFRIH Mokt K

o2 = wa(n — my) ( z3zs  (n—my+2)z523 )
M2 = wi +2tr(W)\n=-mg (n—ma)(n—mz+2)/"
Htittod,,, A TR EH
T 2.2 EHTHRENLTE, hitod LT Mites,.
FKUEE21IFUEA SRR, ARBREH2.204 18, A4 AR RE.

§3. AEHEIEHRMITAIMER

16§ 245 I 77 2 5 Boo?, o2 B AR IESUE T, BNE I SUE MR K TFo. JeAi]
B AR B AR DU R B S BT 248, R ANOVASEHH7E0 S8R, 5L R Ty
Efit, BIIRRER/D. AR 24 M tod,,, 02, EEREBRZELEN TR
R RTHIME T LU R ANOVA R, R A B i it i .
o2, Mo B
o = max{o3, 0} F o4 = max{o%),da1},

T RMR
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I 3.1 XHEMow > 0, EEHENT, o3 R Fol, MR AT IR SR

w? + 4tr(W12)02 2wy (mg — my) 2
“wi42r(W2) ! (n—mg+2)(w? + 2tr(W2))

o2t AL T ANOVA RS B fi 17 4 PR

M1

a1 < 0.
iERA: HTF

MSE(03s,) — MSE(0}f;) = E(o3s — o})? —E(o3f — o)’
= E{(0}n — 20} + 0m1)(0%s1 — Sm1)02, <oppt}
= E{(£ —20%)(¢ — 26m1) T ig<26p)}
= E{(¢-20])9(9)},

KB INRAIERYL, € = 031+ m1, 9(6) = E((€ — 2081 [ig<26y,,) [€)- FER D1 < 29, 1R

+00

+o0 oo
g@ﬂf/ @rﬂwMMMS/ @rﬂwn@@s/ﬂwrnwmww=amx

1/2 xe/2

Al 5g(&)FNE — 205 ERREEHBE BRI BL, FTUA

E{(§ —26a1)g(€)} > E(€ — 20r1)Eg(€).

HTEg(¢) <0, REE(£ - 207) <0, BHMSE(03;,) — MSE(03f;) > 0. 1R

E(U2 ) — wl(n — ml) { wla% 2(m3 — m1)02 }
MU™ w2y oer W ln—m; ' (n—mi)(n—m3+2)J
AR o
2 2 _
Sary < wy + 4tr(W7) , 2wy (m3 — my) o? =202 — E(63,,) = pi, (3.1)

w? + 2tr(W12)a1 C (n—ma+ 2)(w? + 2tr(W3))

ATHE(¢ — 207) < 0.
FIEE, KUFAZER(B.)MRSTRE, T8

MSE(c%;) — MSE(0%}) 2 0

RIFE o> %A R

641 < 20% — E(0%,) = o2

gk R, EWH BT, ot TFANOVARTHIIFE & R4 < of. EHE. a
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$IE 1 BIETHES MG, BB SNy, s = 02/k (k > 1), o5HETF
ANOVAfEt. Wk p; > 0, EHE LI6n, b = pi/k (k > 1), 2 T Hhiitod,,.
T i 02, Flo2, HIB R

o3y = max{odsy, darz} W o%h = max{o%,, 642},

KT 3. 1K Foah, Mot Btk R, T4
EIR 3.2 WL, > 0, B HEXLT, o3 RIEF ol MBMRMIT 75 R M2

wh + 4tr(W5) 5 2wy (m ~ my) 2
wi + 2tr(W3) 2 (n —ma3 + 2)(wd + 2tr(W32))

o2 AT ANOVAFE B R M 17 4 A

dnma <

b42 SU%.

HAUE TS MERIRR, PR A EES 200418, AAMTHAERE. RiEzm2
BIZE 0, 10T DA BT 56 T R B3 L.

§4. —REEZIIRARENMMIRE T ANOVA flit Ay e

NTI§2, §30 4T T MRS REN N R (LD E S BRI 3T E—KRr&t

TRE AL N AR R
y=XB+Uion + -+ Ugoy +¢, (4.1)

XH, yiEn x INMMNFE, X2n x pf S, U, i =1,---,k)&n x ¢ IS5,
BRp x 1IKRMMSE, a;hg x IBENUER, e RBEVRE. o, MBI, B2 HRMNIE
SN0, 02N (0,0%1). MM MR (4.) P FZED BB IEANOVAG T, B4
FEIT R A A .

B4 M = (X, Uz, -, Ui), My = (X,U1,Us, -, Ug), -+, Mg = (X, Uy, , Up_1),
Myt = (X, U1, -+ ,Ug), m; = rank(M;) (i = 1,---  k+1), BEEMEH,, W2 FAFHM; =0,
H,H] = I_p,,. FIH 5 BISHERN (4. 1) 15X, 42 = Hy, B350 F R

z; = HU;a; + H;e, i=1,---,k,
241 = Hipe.

WW; = HU;UTH] (i=1,-- k), Wz; ~ Np_m,(0,02W;+0%1I), 2541 ~ Npem,,, (0,021).

X2z = E(27 %), W

T 2 2 .
2] z; = w;o; + (n —m;)o”, i=1,---,k,

Zpy12k+1 = (0 — mk+1)02-
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& Bw; = te(W;). TR

,
2 _ Fk+1%k+1
04 = 3
n — Mgy
T T
2 _ MMyl Z % Z+1%k+1 1 k
Oai = "‘ ’ =Lty
w; n—m; n —Megyq

*Fo? (i =1,---,k), EEA FRERIMETHE D EIBE FIRIANOVATET,

ain(n—my) s 27z 3225 1 Zk+1
£i={ i ’)( % 2% +))0<a,-1<1,az-2<1},

w; n—m; n — Mey1
FKAAT-§ 28 SWIEML VIR L, BUE Lo FNEM 7%, 231 EB 2
o w _ (n—m; +2)(n — my41)
W WD) T i m)(n—maes +2)
LR
s wa(n—my) 27z (n—m; +2)2] 12611

OMi = w? + 2tr(W2) (n -m; (n—my)(n—mg41 + 2))’
o2t = max{o2,,, 6} 0%t = max{c%,, 04 ). EATAE TR
T 4.1 EBHRRBEXT, fhivte?,, M TANOVAfETHoS,. XHEMSA; > 0, £
HIRBEXT, o3f R Tol, MBRBMATHR S KR

- w? + 4tr(Wi2)02 ~ 2w; (Mp 41 — m;) 2
T wl+2er(WR) T (- mugr + 2)(wl + 2tr(W?))

o2t AT ANOVASH R HHHI TS A2

Sai < 07

& £ X |
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Estimates of Variance Components in Linear Mixed Models

with Random Effects

XU WANGLI
(School of Statistics, Renmin University of China, Beijing, 100872)

In this paper, we propose the improved ANOVA estimates for the linear mixed models with three

variance components which are better than ANOVA estimators in the criteria of smaller mean square

error (MSE). Based on the fact that the proposed variance estimators are not nonnegative with positive

probability, we censor the proposed estimators in some points. Furthermore, we discuss the sufficient

conditions to ensure the truncated estimators be nonnegative. The conclusions are extended to more

general linear mixed models models with random effects.

Keywords: Linear mixed models with random effects, nonnegative estimator, ANOVA estimator.
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